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XXV. A Method for the Micro-analysis of Gases by the Use of 
the Pirani Pressure Gauge. By the ResraRcH STAFF OF 
THE GENERAL Execrric Co., Lrp., London. (Work 
conducted by N. R. CAMPBELL.) 


RECEIVED FEBRUARY 28, 1921. 
(COMMUNICATED By C. C. Paterson, O.B.E., M.I.E.E.) 


SUMMARY. 


(1) A method of analysis of gases at a pressure between 0°1 and 
0-001 mm. is described, based on the characteristic vapour-pressure 
temperature curve of any substance. 

(2) The method demands a gauge which will measure the pressures 
of vapours,.as well as of permanent gases, over the range mentioned. 
The Pirani gauge is suitable for this purpose, especially if it is used in 
a way which is not new, but of which the advantages have not been 
sufficiently recognised. 


1. PRINCIPLE OF THE METHOD. 
Ir is well known that the relation between the vapour 
pressure (p) of any substance and the temperature (7) can 
be represented approximately by 


B 
log pA ToT SO Be ae Gee a ns (1) 
which gives 
1 dp _ (log p—A)/? 2) 
p aT Bie = 


Hence 1 becomes infinite as the vapour pressure approaches 
P 


zero at the temperature TZ, called the condensation 
temperature, which is characteristic of the vapour. 

The least change of pressure which any gauge will measure 
is fixed by the value of dp/p rather than by the value of dp ; 
accordingly by measurements of vapour pressure it should be 
possible to fix with great accuracy the condensation tempera- 
ture 7’, and thus to identify the vapour. If the gauge contains 
several vapours, but no permanent gases, and its temperature 
is increased from a value below the 7’, for the least condensible 
vapour, we should get a pressure-temperature curve of the 
form shown in Fig. 1. The temperatures at which the sudden 
rises in the curve occur serve to identify the vapours present, 
for they are the values of 7, for these vapours, while the 
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change in the ordinate following a sudden rise upward (such 
as 0 to p1, Pp; tO Po, OF Py to pg) will serve to measure the 
quantity of the vapour present, if the calibration curves for 
the various vapours are known. 

If the whole gauge were immersed in a cooling bath in 
order to condense the vapours, the pressure of the permanent 
gases and uncondensed vapours would also vary with the 
temperature, and the parts of the curve in Fig. 2 between the 
sudden rises would not be horizontal. This difficulty can be 
easily overcome by cooling, not the whole gauge, but only the 
tip of a small side tube attached to the main vessel. The 
vapours will condense in this side tube at the appropriate 


we 


Pressure. — 


Vay 


a wees e me een maw ew meme wees oe = ae oe 


O (Zp), (7). (79), ( 
Temperature 
Fie. 1. 


temperatures, while the readings of gauge corresponding to 
the permanent gases present, and to those vapours which are 
not condensed at the temperature of the side tube, will 
remain entirely unaffected. If permanent gases are present, 
which are not condensed at the lowest temperature attainable 
(which in most laboratories may be taken as that of liquid 
air), we shall get a curve precisely similar to Fig. 1, except 
that it is raised above the horizontal axis by a distance 
corresponding to the amount of permanent gas present. 

In this statement it is assumed that the pressure of each 
vapour present rises from zero to the maximum, fixed by the 
total amount of the substance present, in the interval between 


MICRO-ANALYSIS OF GASES. 289 


T for that substance and 7, for the substance of next higher 
condensation temperature. If this assumption were not 
correct, the beginning of one sudden rise would be super- 
imposed on the end of the rise preceding, and distinction 
between the two vapours might be difficult. But in practice 
at the pressures and with the substances that are likely to be - 
present the assumption is always correct. The vapour 
pressure of a substance often reaches 0-1 mm. at a temperature 
only 10°C. above its characteristic T,; accordingly, unless 
either the condensation temperatures are within 10 deg. or 
the amount of one substance present corresponds to a pressure 
greater than 0-1 mm., the separate steps in the curve will be 
perfectly sharp. Thus, if CO, and H,O alone are present, 
the first can reach a pressure nearly atmospheric before 
the second begins to appear; in none of the vapours that we 
have desired to distinguish has there been the slightest 
overlapping so long as the total pressure is not more than 
0-2 mm. 

Little more need be said to indicate the principle of the 
method of micro-analysis described. If permanent gases 
are present, they can often be analysed by converting them 
into vapours, after the original vapours have been analysed, 
and repeating the analysis. Thus, if there is exposed to the 
mixture under analysis a copper wire, coated with cuprous 
oxide, H,, CO, and O, can be identified and estimated by 
simply heating the wire to redness. The first two are 
converted into H,O and CO,; the last is absorbed. The 
method is quite satisfactory for H, and O,, but CO does not 
seem always to be converted wholly into CO,. But the exact 
methods adopted must depend largely on the nature of the 
problem to which the method is applied; and they will be 
such as are common to all methods of microanalysis. 


2. THE PIRANI PRESSURE GAUGE. 


The first requisite for the practical application of the method 
is a means of measuring the pressure of vapours with some 
accuracy up to about 0-lmm. The Pirani gauge* has 
proved very suitable. It depends on the cooling of a heated 
wire by the surrounding gases. In the gauge as developed 
by Hale} a fine wire with a high temperature-resistance 


* M. V. Pirani. Deutsch. Phys. Gesell. Verb., 8, 24, pp. 684-694, 1906. 
+(C. F. Hale. Amer. Electrochem. Soc. Trans., 20, pp. 243-258, 1911. 
Y 2 
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coefficient is connected in a bridge with three resistances of 
negligible temperature coefficient; a constant potential, 
sufficient to heat the manometric wire some degrees above its 
surroundings is applied to the bridge ; the change in resistance 
of the wire due to its change of temperature with the pressure 
of the surrounding gas is measured. 

This form of the gauge has been used chiefly for very low 
pressures (less than 0-001 mm.) for which the McLeod gauge 
is inconvenient. At such low pressures and, indeed, up to 
0:01 mm. (with most forms of the instrument) the change of 
resistance is very nearly proportional to the pressure, and a 
straight line is obtained for the calibration curve. But at 
higher pressures the curve ceases to be straight, and becomes 
much less steep ; for, as the temperature of the wire decreases, 
the sensitiveness of the instrument also decreases. 

The shape of the calibration curve at these higher pressures 
cannot be represented by any simple formula ; it varies in a 
complicated manner with the nature of the gas and the tem- 
perature of the surroundings. The calibration is purely 
empirical, and the instrument is not reliable in any conditions 
but those in which it has been calibrated. These objections 
can be greatly lessened by a simple change in the manner of 
using the gauge which was mentioned, but not fully discussed, 
by Pirani, and does not seem to have been widely adopted. 
In place of measuring the change of resistance of the wire 
when the potential applied to the bridge is constant, we may 
measure the potential which must be applied to the bridge to 
keep the resistance (and therefore, the temperature) of the 
wire constant. This potential will, of course, increase with 
the pressure of the gas. 

In this method of using the gauge the three manganin 
resistances of the bridge are invariable. They are chosen so 
that the bridge is balanced when the manometric wire is at a 
convenient temperature, say, 100°C.; the wire attains such a 
temperature when its resistance is about one-third greater 
than at room temperature. A good voltmeter is connected 
to the terminals of the bridge, and the potential across the 
whole bridge varied by means of a rheostat in the battery 
circuit, until a balance is obtained. 

The loss of heat by the manometric wire is due to radiation, » 
to conduction along the supports, and to convection or con- 
duction in the gas. All these losses are approximately pro- 
portional to the difference of temperature between the wire 
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and its surroundings (6). Let the loss due to radiation and 
conduction along the supports (which is independent of the 
pressure of the gas) be r6, that due to the gas ¢.f(p).0, where p 
is the pressure. The heat supplied to the wire, since the 
resistance of the bridge is always the same, is proportional to 
V*, where V is the potential applied to the bridge. Let it be 


aV?. Then 
Cane cand GO) lets) (ie ane ea I 65) 
If V, is the potential required for a balance when p=0, 
TEES ON SIS ae cea ar tame nee a 4 
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Now c/r is constant for considerable variations~in the 
instrument. It does not change rapidly with the length of 
the wire (so long as it is so great that cooling by conduction to 
the supports is small) ; and it is surprisingly independent both 
of its diameter and of its material (platinum or tungsten). 
Moreover, so long as the changes of the temperatures of the 
wire and its surroundings are so small that all heat losses may 
be taken as proportional to 6, c/r does not change with those 
temperatures. Within the range of all the changes that are 
likely to occur if reasonable care is taken to make two gauges 


r 
] 


roe 
the same, the function dent , which will be written (V*), 


Ve? 


should be independent of everything except the nature and 
the pressure of the gas. 

This independence is actually found. The manometric 
wire that has been employed is the tungsten filament of a 
200-240-volt 40-watt lamp. The cold resistance of the lamps 
used varied by as much as 8 per cent., and these variations, 
in conjunction with changes in the room temperature (for the 
gauge was simply exposed to the air of the room), caused V, 
to vary between 1-3 and 1-95 volts. But, in spite of these 
considerable variations in the instrument, if the same setting 
of the bridge had been used throughout and the same cali- 
bration curves used for determining p from (V?), the error in 
p, up to 0-15 mm., would not have exceeded 10 per cent. By 
adjusting the bridge so that the temperature of the wire was 
always the same, these errors could be reduced to 3 per cent. 
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Another great advantage of this method of using the gauge 
is that f(p) is approximately proportional to p, and the cali- 
bration curve approximately straight. In Fig. 2 are shown 
the curves for H,, air, CO, CO,, H,O. The pressure of the 
first four gases were measured by a McLeod gauge. For the 
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first two the curve is straight within experimental error; 
initial curvature appears with CO, and is more pronounced, 
with CO,; but since it is known that a McLeod gauge is not 
really accurate for CO,, it is possible that some of the curva- 
ture in CO, is due to errors in measuring the pressure. The 
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curve for water is interesting. There is no very simple method 
of measuring water pressures between 0-001 and 0-1 mm., and 
the following device was adopted. A mixture of H, and O, 
was introduced into the vessel at a pressure measured by the 
McLeod ; it was then burnt by a hot platinum wire, and the 
water formed frozen in a side tube. The pressure of the 
residual gas was measured (for it was difficult to secure that 
the gases were present in exactly the right proportion) and 
from the difference the amount of water formed calculated. 
The residual gas was pumped away, the side tube warmed, and 
the water liberated as vapour. The estimate of the pressure 
of the water made in this way assumes that none is condensed 
on the walls of the vessel ; and this assumption is known to be 
untrue. The condensation of water doubtless accounts for 
the deviation of the curve from a straight line at low pressures, 
and by extrapolating the line at higher pressures to the axis, 
an estimate of the limiting amount of vapour-condensed is 
obtained. The straight line probably represents the relation 
between p and (V?) for the water actually present as 
vapour. 

It will be observed that the curves for the gases which 
do not contain hydrogen lie very near together. For the 
rough measurements for which the gauge was used they may 
be taken as coincident. For many purposes we think that 
the Pirani gauge used in the manner described would have 
considerable advantages over the McLeod. It may, there- 
fore, be pointed out that it has not the advantage of a greater 
working speed ; for a period of a minute or so must be allowed 
for the gauge to reach thermal equilibrium. 


3. PRACTICAL METHODS. 


A few practical suggestions may be offered. If a qualitative 
analysis of the gases is being made, the best and most con- 
venient way to identify the vapours is not to use any thermo- 
meter of an ordinary type but to compare the 7,’s of the 
unknown mixture with the 7,’s of known vapours. A series 
of gauges may be made up containing between them all the 
vapours likely to be present; any gauge of this series may, 
of course, contain more than one vapour so long as no inter- 
action between constituents can occur. The side tubes from 
the series of known vapours and the side tube from the gauge 
under analysis are then immersed in a little mercury in a 
small Dewar flask, and liquid air poured in until the whole 
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is cooled to the temperature of that liquid. The conductivity 
of the mercury is sufficient to maintain all the side tubes 
at the same temperature. The mercury is then warmed by 
blowing air at a suitable rate on.its surface, and the unknown 
gauge watched until a sudden change in (V?) occurs. The 
air stream is then stopped temporarily and the known gauges 
examined to discover in which of them (V?) has changed. 
If several have changed from their liquid air values, the 
constituent in the unknown gauge is, of course, that one in 
these known gauges which has the highest 7). 


This method is extraordinarily sensitive and certain. 
One per cent. of water in CO, may be detected—an un- 
favourable case because the main constituent evaporates 
before the impurity; 0-0005mm. of CO, may be detected 
in an unlimited quantity of vapours with higher 7, or in 
0-05 mm. of permanent gases. On the other hand, mercury 
vapour is not easy to detect. Apparently its cooling effect 
is very small. But it is usually known without analysis 
whether mercury is present, and, if so, how much. 

lf the constituents are known, the estimate of their amounts 
can be made very rapidly. A series of baths are prepared 
at temperatures which lie between the 7,’s for the constitu- 
ents; the side tube is then placed in the baths in succession, 
and the change in (V?) in passing from one bath to another 
gives the amount of the vapour with a 7, between the tem- 
peratures of the two baths. 

Thus, in order to analyse a mixture containing (1) phos- 
phorus vapour, (2) water, (3) a vapour not chemically identified 
from “vacuum” oil, (4) CO,, (5) H,, (6) CO, the following 


baths will serve in conjunction with the oxidised copper 
wire :— 


Freezing mercury (—39°) condenses phosphorus but not 
water. 


Freezing acetore (—95°) condenses water but not oil 
vapour. 


Freezing ethyl alcohol (—117°) condenses oil vapour but 
not CO,. 


Liquid air (—183°) condenses CO, but not permanent 
gases. 


For some purposes an interpolation between the first two 
baths might be necessary. Then it is convenient to know 
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that freezing chloroform (—65°) is just above and solid CO, 
(—78°) just below T, for water. Greater difficulty arises 
in interpolating between the last two baths in the table, 
but, so far, we have not found need for such interpolation. 
In order to prepare the baths a few drops of the liquid are 
placed in a minute Dewar flask and liquid air poured in (very 
gently with the lighter liquids) until the solid separates. 

After the values of V have been measured with the side 
tube immersed in the various baths, the side tube is opened 
and sealed to a pump, and V, measured when the gauge is 
completely exhausted. If accuracy is required, V, must be 
measured while the gauge is still on the pump, for in sealing 
it off, a small quantity of water vapour is always liberated 
from the melted glass. It is desirable for accuracy that the 
whole process should be completed as quickly as possible, 
in order that the room temperature may not change. It 
‘can be completed quite easily with practice in half an hour, 
and with reasonable care the variations during that time are 
not likely to be important. The most important source of 
error lies in the assumption, necessary unless very elaborate 
calculations are to be made, that the calibration curves are 
all straight and that the value of (V?) for a mixture is the 
sum of those for its constituents. The truth of these two 
assumptions is probably closely connected. 

Finally, we may give details of the analysis of a mixture 
containing H,, CO, H,O, CO). 

= ee eV eee 


‘Side-tube at temp. of room......... 5:09 25-91 6-87 53-75 

Hreezing acetone ..6.05..ci.. sk. 3-68 13-54 3: y 

"9 LEC Nae ee ee 3-24 10-54 2.20 79:92 
After heating copper oxide— 

Males enon raat hc tas ae eagee ata 5-00 25-00 6-60 S483 

UIreeZANg ACebODE, «ov. <.ss5 <2 everneen- 3:02. 9:12. 77 re 

Deri CIRe oh skeen kt 2b eth wis 1:82, 331, 0:00.21 


Gauge exhausted on pump to < 0:00001 mm. 
1-81 a Vy: 
From Fig. 2; p=a(V?), where 


a=0-0121 for H,, 
=0-0174 for H,0O, 
—0-0211 for CO and CO,. 


296 RESEARCH STAFF OF GENERAL ELEC. CO. 
..  H,O present originally 
=3-75 X0-0174=0-065, (0-061. 
CO, present originally 
=0-92 x 0-0211=90-019,, (0-018? 
H,0 produced by burning= 
H, present originall 
—(4-83—3-75) X0-0174=0-018, (0-020) 
CO, produced by burning= 


CO present originally 
—(1-76—0-92) x 0:0211=0-017, (0-020) 


The figures in brackets are the pressures of the gas estimatedi 
when the gauge was filled for this test. 

Observe that the value of (V*) for the permanent gases. 
originally present should be 


0-0188 , 0-0176 _ 


0-0121 00211 


The value found was 2:20. 


1-59-++-0-84=2-39. 


DISCUSSION. 


Dr. J. 8S. G. Tomas asked if the method would discriminate between the 
higher hydrocarbons in coal gas, or between ethane and methane. It was. 
assumed that the heat lost by conduction at the ends of the supports was 
constant. He did not think this was justified, as it had been shown that at 
low pressures this loss depended on the pressure of the gas. Would the 
method discriminate between dry and wet gas at the same total pressure ? 

Dr. D. OWEN expressed his admiration of the method, which appeared. 
to be entirely new. What pressures had the author gone down to in 
these experiments? In addition to the Pirani gauge the McLeod gauge is 
referred to, but no others. Had Dr. Campbell any experience of other forms. 
of low-pressure gauge and their properties ? 

Dr. CAMPBELL, in reply, said it was easy to analyse any mixture of com- 
ponents which could be frozen out by liquid air. They had analysed the 
vapours from the oil used in their pumps, and he thought the higher hydro- 
carbons in coal gas would present no difficulty. He was afraid neither 
ethane nor methane would freeze out, and so could not be treated by this 
method. As regards the validity of the assumptions of the heat loss, for 
accurate work every gauge is separately calibrated, and no assumptions are 
made. The instrument could be used to discriminate between wet and dry’ 
gas, provided the total pressure is under0:2 mm. He did not know how low 
pressures the Pirani gauge would do for, but for very low pressures the: 
Jonisation gauge would be more accurate. : 
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XXVI. On the Reflection of the X-Ray Spectrum of Palladium 
from Fluorspar. By H. Prauine, M.Sc. 


RECEIVED Maron 25, 1921. 


ABSTRACT. 


An examination of the odd order spectra reflected from the 100: 
plane of fluorspar, using palladium X-rays, has been made with a 
view to test the Lewis-Langmuir theory of the motion of valency 
electrons in compounds. Evidence, in partial confirmation of the 
theory, has been obtained. 


THE reflection of X-rays by fluorspar has been investigated 
by Sir W. H. Bragg and Prof. W. L. Bragg, and its space 
lattice mapped out. The fluorine atoms are arranged in a 
cube lattice and the calcium atoms in a face-centred cube 
lattice. Each fluorine atom is surrounded by four calcium 
atoms and each calcium atom by eight fluorine atoms. 

Calcium has atomic number 20 and fluorine 9._ When all 
the calcium and fluorine atoms are acting so as to give a 
strong spectrum they will contribute to the amplitude of that 
spectrum in the ratio of 20 to 2x9, the total amplitude being 
proportional to 38, the arrangement of electrons within the 
atom being supposed, for the moment, to have no special 
effect. When we get a weak spectrum the calcium atoms 
are in opposition to the fluorine atoms, and if the atomic 
number law is true the amplitude of such a weak spectrum 
should be 20—18 or 2. A comparison of the intensities of 
strong and weak spectra, account being taken of the obliquity 
or order of the spectra, should give us the ratio 38/2?, or 
361/1. That is, the weak spectra should be exceedingly 
small. The Braggs found that the first spectrum in the 1, 0, 0, 
plane of fluorspar was absent. The order of accuracy of the 
experiments could not establish whether there was a weak 
spectrum or none at all. This investigation was an attempt 
to find fresh information about the weak spectra reflected 
by fluorspar. It was thought that the experimental evidence 
of the size of these spectra would throw light on the Lewis- 
Langmuir theory of the structure of the atom. This theory 
postulates that the electrons in an atom occupy relatively 
fixed positions with regard to the nucleus, and are arranged 
in a series of shells with the nucleus as centre. The first 
complete shell contains two electrons, the second eight, the 
the third eight, the fourth eighteen and the fifth eighteen. 
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The atoms of helium, neon, argon, krypton, and zenon 
contain complete shell systems, and other elements incomplete 
shell systems. The chemical properties of the elements 
depend on the number of electrons over or below a complete 
shell system, and in combining with other elements the ten- 
dency always is to form complete shell systems. 

An electro-positive element has rather more electrons 
than the nearest complete shell system, while in an electro- 
negative element the electrons are not quite numerous enough 
to form a complete shell system. If an electro-positive 
element combines with an electro-negative element then the 
electrons over and above the complete shell system, the 
valency electrons as they are sometimes called, can pass 
over to the electro-negative element to enable it to form a 
complete and therefore stable shell system. A calcium atom 
having two valency electrons will combine with two fluorine 
atoms and the resulting combination will give a calcium atom 
with an argon shell system, and two fluorine atoms with 
neon shells, the atomic number of argon being two less than 
that of calcium and the atomic number of neon being one 
more than that of fluorine. 

In what way will the calcium atom with the argon shell 
of electrons scatter X-rays? If it scatters so that the ampli- 
tude of the wavelet depends only on the number of electrons 
in the atom, then it will behave as an atom of argon and the 
fluorine atom should behave as an atom of neon. Con- 
sequently when the calcium and fluorine atoms are acting 
in opposition when giving a spectrum, we should get an ampli- 
tude proportional to {(20—2)—2(9+-1)}, or one proportional 
to 2. It was considered possible to detect whether a small 
spectrum of this magnitude was present or not. In magnitude 
it is 1/361 of the intensity of a full spectrum. We shall give 
the data later, which we consider establishes the fact that a 
small first 1, 0,0, spectrum is present, but only about one- 
third of the value expected. It does not seem possible to 
reconcile this fact with the scattering law stated above, 
without qualifications. It seems possible, however, to modify 
slightly the Lewis-Langmuir theory so as to explain it. 
Although the argon and neon shells may be formed, it does 
not follow that the shell systems will be identical with those , 
characteristic of those elements. They may be the argon 
and neon shells slightly distorted, that is to say, with the 
electrons slightly out of position. It does not seem reasonable 
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to suppose that the nuclear charges of the calcium and fluorine 
atoms change. If they do not change we must suppose 
that the unbalanced positive charges, on the nucleus of the 
calcium atom, produced by the absorption of the valency 
electrons into the fluorine atoms, must displace the remaining 
electrons in the rings, slightly, from their true positions. 

In the 1, 0,0, plane of fluorspar the calcium and fluorine 
atoms lie on alternate planes which are all equidistant. If a 
distortion takes place, then the phase of the disturbance 
contributed by the fluorine atoms in any one plane, may 
not be just the mean of the disturbances from the 
two calcium planes, on either side of the fluorine plane. 
Further, the amplitude of the disturbance contributed by 
each atom will be altered to a slight extent. 

In the experimental arrangements just the same method and 
apparatus was used as in the previous work of Sir W. H. Bragg 
and of his son, Prof. W. L. Bragg, an excellent account of 
which is given in their book “‘ X-rays and Crystal Structure.” 
The specimen of fluorspar used was a colourless variety, and 
the 1, 0, 0, face had been carefully worked. The writer 
attempted to find the a lines of the Ist, 3rd, 5th and 7th 
spectra reflected from that plane. In the first place only the 
3rd was observed. On taking greater care the Ist was after- 
wards observed. The third spectrum is quite easy to observe. 
Two separate sets of observations taken with the bulb and 
electroscope under entirely different conditions gave the mag- 
nitude of the 3rd spectrum as 4-1 per cent., and 3-6 per cent. 
of the 2nd spectrum. We may take the value 4 per cent. as 
very nearly right. Other sets not taken with the same close- 
ness of observation gave similar values. There is a slight 
uncertainty with regard to the position of the line. The 
angle of reflection was a little less than we should expect. 

In observing the first order spectrum, care was taken to 
eliminate variations in the bulb and electroscope while a set 
of observations was being taken. After preliminary observa- 
tions had indicated the line, the following procedure was 
adopted. In order to test any variations in the bulb or 
electroscope while the experiments were in progress, observa- 
tions of the large 2nd order spectrum were made before and 
after a set of observations on the Ist order spectrum. The 
writer was unable to avoid a slight hardening of the bulb as 
the experiment proceeded, but this only caused a 5 per cent. 
reduction in the line spectrum. As the hardening of the bulb 
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‘was progressive, in the writer’s experiments, four sets of 
observations were taken. The Ist and 3rd sets were made 
with gradually increasing glancing angle, and the 2nd and 4th 
with decreasing angles. The average of one set of readings 
is shown in graph form in Fig. 1. The ordinates represent 


~ 
Ww 
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Deflection of Electroscop 


545 3555’ 6°5' 15' 25’ 
Banting "Angle: 


Fic. 1.—a Linn, lst ORDER. 


the deflections of the electroscope, and therefore very approxi- 
mately the intensities of the reflected rays, and the abscisse 
the glancing angles. The time for each deflection was 25 
seconds. The bulb used was of the gas type. It will be seen 
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Fic. 2.—« Linn, 3RD ORDER. 


‘that thie curve is unusually flat, except for the glancing angles, 

‘where we would expect an a line if such existed. Several other: 
sets gave similar results. The intensity is very small indeed, 
‘about 1/800 of a full spectrum, and the difference between 
this and the value expected—viz., 1/361—is somewhat greater 
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than the order of experimental error. The divergence in the 
case of the third order spectrum was far greater. The form of 
the a line is shown in Fig. 2. The scale is not far different from 
that of Fig. 1. The value observed is about thirty times that 
expected. 
The distortion theory the writer has put forward would 
40 ) 
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13 t i ear i 
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Glarcing Angle. 
Fie. 3.—a Lines, 4TH ORDER. 


‘easily account for the magnitude of the Ist order observed, but 
‘it could only be made to account for the size of the 3rd order 
by supposing that the ratio of reflecting powers of the two sets 
of atom planes altered according to the order of the spectrum ; 
in other words, that it depended on the obliquity of the rays. 
‘This would be so, if the unit of reflection was that from each 
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shell electron, and not that from the atom as a whole. In 
this case the contribution of each electron in any one atom 
will vary according to the position of the electron with regard 
to the nucleus and the wavelets from each electron will not 
be in the same phase. The total from each atom will be 
the vector sum of the wavelets contributed by each electron 
from its shell system. A study of the even order spectra in 
the same plane affords additional confirmation of these views. 
The 4th, 6th and 8th spectra were compared with the 2nd, 
and they were found to have intensities of 40, 11 and 3 per 
cent. respectively of the 2nd, whereas the percentages to be 


6) 
rales the” Biss aa, 43/ 53’ gel 13 
Glancing Angle . 


Fie. 4.—8 anD y Lines, 4TH ORDER. 


expected were 25, 11 and 6 per cent. respectively. The 
fourth order is seen to be unusually large. It is shown in 
detail in Figs. 3 and 4. Fig. 3 shows the two a lines, and 
Fig. 4 the a and f lines. The time taken for each reading was 
20 seconds. It will be seen that lines usually regarded as 
faint are quite easy to observe by this method in high order 
spectra. 

We have tried above to explain the large third order spec- 
trum by supposing that the electron is the source of the 
diffracted wavelets. For an obliquity corresponding to the 
3rd order we must suppose that the wavelets from the electrons 
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of one of the atoms—say, calcium—are more than usually in 
agreement so far as phase is concerned. For a slightly greater 
obliquity, the other atom—say, fluorine—exhibits the same 
sort of behaviour, and consequently we must expect an aug- 
mented effect. The third spectrum on this view is due to the 
increased reflecting power of the one set of atoms, and the 
large fourth order due to the increased reflecting power of the 
other atoms. 

Sir W. H. Bragg suggested this investigation to me, provided 
me with the spectrometer and crystals, and gave me much kind 
help during the course of the work. 


DISCUSSION. 

Prof. Braae said that the relatively high magnitude of the third order 
spectrum was most curious. There was evidently something diffracting 
strongly about a third of the way between the calcium and fluorine atoms : 
It was possibly only a coincidence, but this was where the junction of these 
atoms occurred. 

Prof. RANKINE asked what was supposed to be the source of the diffrac- 
tion, the nucleus or the electrons distributed round it. If the latter, what 
was the justification for assuming the diffraction to originate from the 
planes containing the nuclei ? 

Prof. Braae said the origin of the diffraction was what they were all trying 
to settle. Possibly the Paper he was just about to read would answer Prof. 
Rankine’s question. 

Dr. Horwoop was not clear as to what the Paper proved. Assuming the 
reflecting power of the calcium and fluorine atoms to be proportional to the 
atomic numbers the same magnitude for the faint spectra was apparently 
to be expected with or without the transference of electrons of the Lewis- 
Langmuirtheory. This being so, he did not see that the result was evidence 
one way or the other. 

Mr. Peaxrne said the discrepancy of the larger third order spectrum was 
more easily accounted for on the basis of the Lewis-Langmuir theory. 

Dr. Horwoop thought this might be due to a single distortion rather than 
to a transfer of electrons from the calcium to the fluorine. 
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XXVII. The Intensity of X-Ray Reflection by Diamond. 
By Str W. H. Brace, K.B.L., PRS. 


REcEIVED May, 13, 1921. 


ABSTRACT. 


The Paper describes an investigation of the relative intensities of the 
reflections of monochromatic X-rays by the various crystallographic 
planes of diamond. The special difficulties due to the small size of 
available crystals and the modification of the usual method required 
to obviate them are discussed. An interesting feature of the results is 
that they lie very closely on smooth curves, which indicates that if the 
outer electrons of the carbon atom lie at any considerable distance from 
the centre they must be in motion over a wide range, or for some other 
reason must contribute little to the reflection. 

It is shown that the properties of the carbon atom in diamond are 
based on a tetrahedral and not a spherical form. The tetrahedra point 
away from any (111) plane in the case of half the atoms, and towards 
it in the case of the other half. Consecutive 111 planes are not exactly 
of the same nature and consequently some slight second order reflec- 
tion from the tetrahedral plane might be expected. This effect, though ° 
slight, has been found. 


A KNOWLEDGE of the relative intensities of the reflections of 
monochromatic X-rays by the various planes of diamond 
might be expected to give useful information for several 
reasons. 

The most important is the general reason that such 
relative intensities for any crystal depend on the arrangement 
of the atoms round each point on the lattice and on the arrange- 
ment of the electrons in each atom, and are markedly charac- 
teristic of each crystal. Nevertheless, because of insufficient 
knowledge, it is not easy to interpret the results. 

Consequently, a study of these intensities in the case of 
diamond might be particularly useful, because there is but one 
kind of atom and because the structure is simple and exactly 
known. Interpretation might be easier than in the case of 
more complicated crystals. 

There is, however, one difficulty which is not met with in the 
case of rock-salt or other crystals which can show faces of 
large area, either natural or prepared. When a fine pencil 
of X-rays is allowed to fall on a large enough face the dimen- 
sions of the crystal need not enter into the calculations ; because 
the face may be so large that the pencil cannot miss it, and the 
depth of the crystal below the face may be so great that the 
rays are wholly absorbed. 
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Tuis cannot be realised in the case of diamond, and a different 
plan must be followed. Instead of making the pencil of rays 
small, and using a large crystal, it is necessary to make the 
pencil so broad that the diamond is entirely bathed in it. All 
the slits of the spectrometer are opened wide, and the dimen- 
sions of the reflected pencil are determined by the size of the 
crystal. 

The diamond is mounted on a stand somewhat similar to 
that of a goniometer, and its position is so adjusted by means 
of the X-ray reflections that any convenient zonal axis coincides 
with the axis of the spectrometer. It is then easy to revolve 
the crystal from one position to another, and to test the 
intensity of reflection by any of the planes belonging to the 
zone. 

The zonal axis most used was that which is determined by 
the intersection of (110) and (001); all the important planes 
pass through it. In measuring the intensity for any par- 
ticular plane, the ionisation chamber was first set at the 
proper angle, and the crystal was then turned at a uniform 
and definite rate through the small range of angle for which 
it reflects. The intensity was measured by the calibrated 
movement of the electroscope leaf during the sweep. Allow- 
ance was made for the small amount of general radiation which 
entered the chamber during the time of observation. The 
method has been described in the ‘“ Philosophical Magazine,” 
May, 1914. 

The results shown in Table I. were obtained with a diamond 
weighing 9-8 milligrams. When the current in the Coolidge 
bulb was 1 milliampere and the potential about 40,000 volts, 
and when the electroscope was adjusted to a moderate sen- 
sitiveness, such as 20 divisions to the volt, the reflection from 
the 111 plane caused the leaf to move at a rate of about 
5 divisions in a second. The divisions were such as could be 
readily divided into 10 by eye. The bulb had a rhodium 
anticathode. . 

The diamond* was chosen of a form as nearly as possible 
spherical ; it showed no well-marked faces. This was done 
because it was expected that the reflected intensities would 
show the influence of absorption within the crystal, as actually 
proved to be the case. If the diamond had been very irregular 


* This and other stones were most kindly given to me by Mr. Alphonse 
Abrahams. 
Z2 
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in shape, the intensities corresponding to the different planes 
would have been affected thereby in different degrees, and it 
would have been very difficult to make the correct allowances, 
This difficulty was largely avoided by choosing a diamond 
nearly spherical in form, and by measuring the intensities of 
all the planes belonging to three out of the six different zonal 
axes of the type already mentioned. The intensities agreed 
among themselves to about 10 per cent. The figures in 
Table I. are averages, and are probably correct to 5 per cent. 
They are given exactly as they were found, without allowance 
for polarisation, temperature or other influence. 


TABLE | 

Indices of plane. Cosec 6. Intensity. 
TT oe ah ertacre os G12 aes - 200 (standard), 
VLD Se) SB Sade OY Scand 145 
Say Lie cerese BRO” apééoc 84 
Pe SS Meo BEEKOy 7 9 wdoasee 4 
LOOT. sem coon: PM Le © Gibboe 97 
33 en 256 (ees tne 62 
2 tes sce PORE She Ge 500 81 
Bllfoojo DiDa | eo  Vekees 45 
22 na Boece: 2,055 ee ey aeece 62 
BI! = aaboce TS 3M Were 52* 
pi mall © Aarpe TTO sp 1 sareres 29 
BAA Fe castes i GSiegn eee ee 38 
711 
aBL fot UGE = sadoosd 21:5 
B21 i ee eres 25) 0) en aecrss « 36* 
OBS | Bndun Glee castes 19 
2O0UF ee eae 1:45 er es 28 
(is betes a. AEEEE LA ne Ticats 16-5 
41] 
3309 f ee LSS eect ee 26 
GB). eaose Wo4naiy ea cos 11-5 


The results are plotted in Fig. 1, the ordinates being the 
intensities and the abscisse the cosecants of the angles of 
reflection. 

The curves show certain well-marked features. All the 
planes which have any even numbers in their indices lie on one 
smooth line; the rest lie on another. This is obviously due 
to the fact that the spacings of planes of the first kind are all 
equal to each other. The spacings of the second kind are 
alternately as 1 to 3. This is most easily realised in the case 
of the (111) or tetrahedral plane, and is a consequence of the 
fact that every atom is at the centre of gravity of its four 
nearest neighbours. 


* Only single instances of these planes were examined. 
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In the case of the first and third order reflections from 
any plane whose indices are all odd, the reflections from 
alternate sheets of atoms are in quadrature with each 
other. In the case of the fourth order reflection all sheets 
act together. For these reasons the (444) point lies on the 


200 


175 


— 
Oo 
i=) 


we 
ims) 
oa 


2 
S 


N 
or 


Intensity of reflection: arbitrary scale. 
0) 
So 


1 2 3 Ags ee 6 7 
—— > cosec (glancing angle) 


Fic. 1.—RELATIVE INTENSITIES OF REFLECTION FROM VARIOUS 
PLANES OF DIAMOND. 


upper curve in the figure, but the points representing the 
intensities of (111) and (333) lie on the lower. 

The influence of the arrangement which is characteristic 
of diamond structure and which causes alternate sheets 
of a set to act at one time in unison with each other and at 
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another time in quadrature should cause the ordinates of the 
upper curve to be twice those of the lower. Forif we start with 
a set of equal and equidistant sheets, and then take half the 
atoms out of each sheet to form a new set of sheets which 
divide the spacings of the old set in the ratio 1 : 3, the intensity 
of the reflection of the mth order is diminished in the ratio 

1 :{(1+cos nz /2)?+-sin? na /2} /4. 

If n=1 or = 3, thé ratio is-2 21. 

This is far from being the case, particularly on the right of 
the diagram. The fact is that absorption of the rays has to 
be taken into account, and in particular, the special absorp- 
tion which occurs when the crystal is so arranged as to be 
reflecting. 

When a crystal is made to revolve through its range of 
reflection as in these experiments the total intensity of the 
rays reflected by a small element of the crystal is proportional 
to the intensity of the rays incident on the element and to the 
volume of the element. The pencil of rays that has passed 
through the element has lost energy on account of the reflec- 
tion that has taken place. A similar loss or absorption of 
energy of the original pencil takes place all along its path, 
while reflection is occurring. The ordinary absorption co- 
efficient p is supplemented by a special absorption co-efficient 
which may for present purposes be assumed to be proportional 
to the amount of reflection; and to be capable of addition 
to the former. This co-efficient 7 will be different for differ- 
ent planes, and for any one plane it will vary with the glanc- 
ing angle, having a sensible value for only a very small range 
on either side of the true angle of reflection. 

The primary pencil has to traverse a certain distance in the 
crystal before it reaches any element of volume dv; and the 
reflected pencil has to traverse a further distance before it 
emerges. Along both these paths the absorption co-efficient 
is equal to p+r. Ifd is the sum of the two paths, the con- 
tribution of the element to the reflection intensity is propor- 
tional, for any given value of the glancing angle, to 


rdve—" +P)4 | 


Secondary and further reflections are neglected. 


The intensity of the whole reflection is obtained hy inte- 
grating this expression over the volume of the crystal. The 
result depends on the shape of the crystal as well as on its 
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volume, and also on the values of r and 9. For our present 
purpose, a very approximate estimate is enough. It is suffi- 
cient to suppose the crystal to be so small that only first 
powers of (r+) d need be retained. 

_ If (r+ ¢) d is neglected altogether the intensity of reflection 
1s proportional to rV where V is the volume of the crystal. 
If first powers are retained the integration of rdv (l—r+¢.d) 
will yield an expression rV (l—k.r+-o) where & is a linear 
quantity depending on the form of the crystal. 

If, then, a point on the upper curve of Fig. 1 is compared 
with a point on the lower for which the abscissa is the same, 
the ratio of the ordinates ought to be less than two to one. 
The ratio would be exactly two to one if the crystal was ex- 
tremely small, but, taking in first powers of (r--e)d it is now, 
for the particular glancing angle in question, of the form 

1—k(2r-+-e) 


1—k(r+)’ 


which is always less than 2 and diminishes as 1 increases. 

When, as in these experiments, the crystal ismade to revolve 
through an angular range which inciudes the true angle of 
reflection, the numerator and denominator of this fraction 
require separate integration over that range; but the final 
ratio is still less than 2, and the more so the stronger the 
reflection. 

If the diamonds are so large that it is not enough to limit 
the calculation to first powers of (7-++e)d, the general conclu- 
sion is not affected. So also, if diamonds of different weight 
are compared with each other the larger crystals should show 
the effect of absorption more than the smaller, since k(7-+-¢) 
increases with the dimensions of the diamond. 

The comparative intensities for a few diamonds of different 
weight are shown below :— 


Taste II 
Weight in mgm. (111) (333) (444) 
61-4 a 100 bee 33°5 aia 26 
9°8 fata 45 500 10-4 as 8:5 
4-55 o 34 wes 7:0 ait 5-4 


The largest stone weighs more than thirteen times the 
smallest, but the (111) reflection is only three times larger, and 
even the (444) reflection, for which r is smaller, is only five 
times larger than the corresponding reflection of the small 
stone. In the case of a large diamond of a roughly triangular 
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form, and of more than 2 mm. thickness, the relative intensities 
for the three planes of Table II. were 100 to 45 to 39. This 
stone was kindly lent to me by Sir George Beilby. 

Perhaps the most remarkable feature of the results repre- 
sented in the diagrams is that such smooth curves can be 
drawn through the various points. If the outer electrons of 
the carbon atom lie at any considerable distance from the 
centre they must be in motion over a wide range,” or for some 
other reason they must contribute little to the reflection. For 
if not, their effects on different planes would vary greatly. 
If they all lie close to the centre such large motions need not 
be assumed. The question may be settled by an absolute 
measure of the intensity of diamond reflections, but the ex- 
periments are not yet complete. 


Another point of interest is the existence of a small 222 
reflection. This has been looked for previously but without 
success. The structure of the diamond cannot be explained 
on the hypothesis that the field of force round the carbon 
atom is the same in all directions : or in other words, that the 
force between two atoms can be expressed simply by a function 
of the distance between their centres. If this were so the 
spheres, which would then represent the carbon atoms appro- 
priately, would adopt the close-packed arrangement. Each > 
atom would surround itself with twelve others, all similarly 
placed. As a matter of fact, each atom is surrounded by four 
neighbours only, and the structure is so hollow that it is 
possible to add to the atoms in a given space others in number 
equal to those already there. The arrangement then becomes 
that of the centred cube, and each atom has eight neighbours 
instead of four. 


It is necessary, therefore, to suppose that the attachment 
of one atom to the next is due to some directed property, and 
that the carbon atom has four such special directions : as indeed 
the tetra-valency of the atom might suggest. In that case 
the properties of the atom in diamond are based upon a 
tetrahedral not a spherical form. The tetrahedra point away 
from any (111) plane in the case of half the atoms in the diamond 
and towards it in the case of the other half. Consecutive 111 
sheets are not exactly of the same nature; and it might 
reasonably be expected that they would not entirely destroy 


* See Papers by Coster, Proc. Roy. Acad. Sci., Amsterdam, Oct., 
1919; and by Kolkmeijer, ibid. Jan. 1920. 
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each other’s effects in the second order reflection from the 
tetrahedral plane. It is this effect which is now found to be 
quite distinct, though small. 


DISCUSSION. 
Dr. ANDRADE asked if surface tension effects entered into the problem. 
Dr. RAYNER asked if there was any chance of obtaining the arrangement 
of carbon atoms in the benzene ring. 
Prof. Brace explained that surface tension effects did not come in. In 
reply to Dr. Rayner, he exhibited a model of the benzene group. 


Exuisit oF PHoTtoGRrarHs By M. Le Duc DE BRoGtitz. 

Prof. Brace exhibited and explained photographs by M. le Duc de 
Broglie of the “‘ Magnetic Spectra ’’ obtained when the $-rays produced 
when X-rays strike copper are deflected on to a photographic plate by a 
magnetic field. 
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XXVIII. Capacity and Eddy Current Effects in Inductometers. 
By 8. Burrerwortu, M.Sc. (The National Physical 
Laboratory.) 


RECEIVED Marou 23, 1921. 


ABSTRACT. 


1. A theoretical investigation has been made upon the effects of self 
and jntercapacities and of eddy-current losses in mutual inductances 
for which the coils have a common point. The following are the main 
conclusions arrived at, 


(a) Small capacities introduce variations in the effective self and 
mutual inductances which change as the square of the frequency. 


(b) Corresponding variations are introduced in the effective resis- 
tances of the coils. 

(c) The mutual inductance is no longer “‘ pure,” that is, the secon- 
dary E.M.F. is no longer in exact quadrature with the primary current. 
The primary and secondary circuits behave as if they have a resistance 
in common which varies as the square of the frequency. 


(d) Eddy currents produce impurity and changes of effective resis- 
tance which are initially of the same nature as those due to capacity. 


(e). Eddy current and capacity effects may be so combined that the 
variations of mutual inductance and of impurity cancel simultaneously, 
so that it is theoretically possible to obtain a “ pure’ mutual induc- 
tance having no variation with frequency over the whole range of 
audio frequencies. 


2. The conditions of balance of three alternating-current bridges, 
Viz. :— 

(a) The Heaviside inductance bridge. 

(6) The Carey-Foster bridge. 

(c) A modified Campbell frequency bridge 
have been worked out on the basis that the mutual inductance is not 
pure and the mutual and self-inductances are not invariable with fre- 
quency. It is shown how combined observations on these bridges may 
be used to determine the frequency corrections of a giveninductometer. 


3. An experimental study has been made upon an inductometer of 
the Campbell type. Thevresults show that if such an inductometer 
is used at the higher audio-frequencies for the measurements of the 
effective resistance of coils or of condensers, the inductometer correc- 
tions may in certain cases be larger than the quantities measured, 

4. A method for automatically correcting an inductometer is sug- 
gested in order that it may be used for the measurement of power 
factors of condensers without having recourse to tables of corrections, 


‘ 


1; 
Ir is usually assumed when mutual inductances are em- 
ployed in alternating-current bridge measurements that the 
E.M.F. developed in the secondary coil is in exact quadrature 
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with the primary current. This assumption is practically 
correct at low frequencies, but at the higher telephonic fre- 
quencies a component of secondary E.M.F. which is in phase 
with the primary current begins to become appreciable. 

Mutual inductances in which this in-phase component is 
developed are said to be “‘ impure,” and the magnitude of the 
in-phase component when unit current flows in the primary 
may be taken as the measure of the impurity.* Impurity, 
as defined in this way, isof the dimensions of a resistance, and 
if it is denoted by o, the vector relation connecting secondary 
E.M.F. £; with primary current J,, must be written 


Bae joMhh ew ees. 0) 


M being the mutual inductance, w/2z the frequency and 7 the 
operator rotating through a right angle. 


2. Factors Producing Impurity. 


In the most general case, the factors bringing about impurity 
in a mutual inductance composed of coils with air cores are 
self and intercapacities, leakage, and eddy-current losses. 
If the coils have a common point, impurity might also arise 
due to a small resistance in common with the primary and 
secondary circuit, unless proper precautions are taken in regard 
to the mode of connection. The Carey-Foster bridge used in 
measurements of the capacity and effective resistance of con- 
densers is particularly liable to error owing to this form of 
impurity, as the common point of the mutual inductance is a 
four branch point. (See Fig. 7.) Leakage is usually of little 
importance with proper insulation. However, a non-uniform 
distribution of resistance or inductance, combined with dis- 
tributed capacity, may cause an inductance to behave as if it 
possessed an end to end capacity having leakage. This is 
readily seen by considering the case of a pure inductance, L, 
shunted by a capacity, C, and connected in series with a 
resistance, R. If C and R/wL are small, then the capacity 
C across L alone is equivalent to a capacity C, having leakance 
—2CR/L, and acting as a shunt across both R and L. 

The effects of self and intercapacity are treated in section 4 
for the case where the two coils have a common point. It is 
there shown that small capacities produce impurities varying 
as the square of the frequency, and this variation is accom- 


* Silsbee, Bull. Bureau of Standards, Vol. XIII., p. 414, 1916. 
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panied by variations of effective resistance and inductance 
following the same law. : 

The effects due to eddy currents are considered in section 7 et 
seq. The effects are mainly variations in impurity and 
effective resistance, the changes in inductance due to eddy 
currents being small. If the frequency is not too high, the 
changes in impurity and effective resistance are proportional 
to the square of the frequency. Thus it is impossible by 
effective resistance measurements alone to separate the effects 
due to capacity from those due to eddy currents, but some 
estimate of the relative importance of the two effects might be 
obtained by determining the frequency coefficients of the 
inductances and assuming these to be due mainly to capacity. 


3. Preluminary Network Transformations. 
The theory to be given is much simplified if use is made of 
the following network transformations.* 
(A) Two inductive coils (Fig. la), with resistance operators 


ie 
\ 
\ 
\ 
' 


Fia. la. e Fic. 10. 


€,7 and mutual operator m, and having a common point, may 
be!replaced by three inductive coils having resistance operators 
é—m, n—m, m, and no mutual operators radiating as a 
“star ’’ combination from the common point. (Fig. 10.) 

In this transformation, m must be taken as positive when 
the directions of winding are such that if current is applied to 
the combination at the open ends the mutual inductance will: 
oppose the self-inductances. 


* G. A. Campbell, Trans. Am.I.E.E., Vol. XXX., p. 891, 1911. 
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‘(B) Three arms, OA, OB, OC, having resistance operators. 
a, b, ¢ respectively, and forming a “ star ’’ combination 
/B 
A-—O 
sia 8 


may be replaced by a triangular “‘ mesh,” 


provided that the resistance operators X, Y, Z of the arms. 
BC, CA, AB have the values (be-+ca-+-ab)/a, b,c. 
Conversely, the mesh may be replaced by a star, and then 
a, b, c=(YZ, ZX, XY)/X+Y+4Z. 
If the symbols represent conductance operators, the above 
relations are interchanged. 


4. The Effect of Self and Intercapacities in Mutual Induc- 

tances. 

Let the two coils have a common point. Let their resis- 
tance operators, apart from capacity, be &, 7, and let their 
mutual operator be m. Suppose the self capacities to be 
sufficiently represented by condensers of capacities c,, c, in 
parallel with the coils ¢, 7, and let the intercapacity be repre- 
sented by a condenser of capacity ¢5, joing the open ends of 
the coils. The system is then as shown in Fig. 2a. 

By application of transformation (A), the system is con- 
verted to that of Fig. 26, in which 

Ll, P= 6 — MN, 2 
and a, B, y are the conductance operators of the capacity arms 
C19) ©o, C1: 

“By application of transformation (B} to the star combination 
x, y, z, the system of Fig. 2b is converted to that of Fig. 2c, in 
which 

a’ =a-e/p, B= B+y/M, y=y+e/M 
Meters a oe a ny td xe co (8) 
By the converse of transformation (B), the system of Fig 2d 
is then obtained, in which ; 
Tap, YT Bo ZT 
Ifalyt)+he+e)+yety+taup + + 
d= By+ya+aB 


x.Y,Z= 
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Finally, by the converse of transformation (A), the system 
of Fig. 2d is converted to that of Fig. 2e, in which 
Ga X EY sy ee ee ) 


The result is thus a system in which the capacities have been 
suppressed, so that &’, 7’, m’ are the modified operators to 
employ to include the effects of capacity. If cy, ¢, cy, are 


W/y W/y’ 
Vo Vo! 


1/8 7p’ 
(0) (c) 


(da) 
Fira. 2. 


small, quantities involving their squares or products may be 
neglected, and in this case it is found from (2), (4) and (5) that 


m'=m--a(& —m)(n—m) — Bmn—ymé 
£'=£—a(E—m)2—fm?—y2 aes) 
"= — aj —m)?— Byte 
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Now, in the case of currents alternating with frequency 
w/2, resistance operators may be replaced by vector im- 
pedances, so that we may then write 


§=Rh,+joLl,, n=R+AjoL,, m=joM 
d—=470C 1. p=jaCl,, y=joC,)’ 


in which R,, R, are the resistances of the coils, Z,, L,, M the 
inductances. 

Applying (7) to (6) and separating the real and imaginary 
parts, the following formule are obtained. 


me=C 2h ko+w? {(C,L;M+C,L,M—C,,(L,—M)(L,—M)} (8) 
o =o" [Ci R\M+C,R.M—C yp {hy(L.—M)+R(L,—M)]. (9) 
le=—(0, +0 .)Rye +0? {C,L2-+0,M?+C,(L,—M)}_ (10) 
lye=—(Co+C 1.) RP +0” (CMP +C,L°+C,(L,.—M)*}. (11) 
tc=20R, (C,L,+C1(L,—M)} ’ (12) 
Pee Per tea (Ogbs C(t os ee a a (18) 


In these formule m,, l,,, />, are the increases in mutual 
and self inductance, o, is the impurity introduced by the 
capacities, 74, Toc are the added resistances due to capacity. 


(7)* 


5. Measurement of Self and Intercapacity. 


If it may be assumed that the variations of self and mutual 
inductance are due to capacity only, equations (8), (10). 
and (11) may be used to determine the capacities Cy, Cy, 


12° 
With both coils in position and having a common point, 
the effective self inductances of the two coils separately 
and in series are determined at a number of different fre- 
quencies. Then, if for brevity we denote the coefficients of 
cw? in (8), (10), (11) by ky., &,, ky and express C,, Cz, Cy, in 
terms of these coefficients, we obtain 
(L,L,—M?)?C =k L,(L,—M)—k,M(L,—M) ) 
+k,(£,L,—2ML;+M?) 


(L,L,—M?)?C,=—k,M(L,—M)+kpL,(L,—M) | . (14) 
+k,(L,L,—2ML,+M?) 


(L,L,—M?)?C =k ML, +k,ML,—ky(L,L,—M*) 


* If leakage is also present «, 8, y are of the forms G+joC in which G 
is the leakance associated with the capacity C. 
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These equations determine Cy, Cy, Cy, a8 ky, ky, ky. and 
may be deduced from the frequency variations of the self 
and mutual inductances. 

The method fails when the coupling is very close, as, for 
perfect coupling, the three relations employed are no longer 
independent. 

The values of C,, C, obtained by this method are not 
necessarily the same as would be obtained when the coils 
are separated from each other, as the capacities C,, C, include 
any intercapacity that may be regarded as acting from the 
inner end of one coil to the outer end of the other. Also 
if the common point is altered the values of Cy, C,, Cy. may 


also change because of the redistribution of the inter- 
capacities. 

However, by a systematic alteration of the common points: 
the assumption that distributed intercapacities may be re- 
placed by end capacities may be put to an experimental 
test. 

Thus, when the coils are not connected the system is as in 
Fig. 3, in which the broken lines represent the capacity arms. 
Four common points are possible, so that 12 combinations 
of the six capacities—I, II, III, IV, V, Vi—may be measured. 
These are given in the following table :— 


Common Point. C; C2 Cx. 
PR eed ee ees TV acco LEV apts Vi 
OS Re heen eres TRV) Sok Ll Vile a nen 
Ole tes cineca aa ToT ee lay eee, 


yas ery Serr I4IV.... I+ ... VI 
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Since the values of Cj, give the four intercapacities, the 
remaining observations give four independent determinations 
of the self capacities I and II respectively. If the end to 
end capacity theory is adequate, these should be consistent 
and in agreement with the self capacities as determined when 
the coils are separated. 


6. Conditions for Zero Impurity and for No Variation of Mutual 
Inductance with Frequency. 


By equation (8) the frequency coefficient of mutual in- 
ductance is zero when 


Cy2=M(C,L,+C,L,)/(L,—M)(L,—M). oe ns gy OULD) 


By equation (9) the impurity due to capacity is zero 
when 


Cy,-=M (CR, +0,R,)/{hy(L,—M)+R(L,—M)}. err(to) 


If condition (15) is inserted in equation (9) an essentially 
negative value is obtained for o,, so that a mutual inductance 
invariable with frequency is always associated with a negative 
capacity impurity. As, however, the whole impurity includes 
both capacity and eddy current terms, and as the latter may 
be positive or negative it is theoretically possible to construct 
a mutual inductance invariable with frequency and free from 
impurity. This conclusion only holds when the common 
point is such that the two coils in series have their minimum 
inductance. 

The procedure indicated by theory to bring about this 
result is to secure the condition of invariability of mutual 
inductance by artificial addition of self or intercapacity 
and then the condition of zero impurity by introduction of 
artificial eddy losses. 


ErrectivE ResistaNces AND Impurities DuE to Eppy 
CurRENT LosszEs. 
7. Eddy Current Losses in a Long Cylinder. 

Let a long non-magnetic cylinder of diameter d and of 
material of resistivity e be placed in a uniform field alternating 
with frequency w/27. Let H’ and H be the maximum values 
of the components of the field along and perpendicular to the 
axis of the cylinder. Also write 

TG ile 9 ae at le ee er Mara 0 8 
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Then it may be shown that the rate of dissipation of energy 
in unit length of the cylinder due to the eddy currents set up 
by the alternating field is 
We GG) (I ara eee (8) 
270 
in which for brevity G(z) is written for 


uy ber z ber’z--bei z bei’z 


4 ber2z--be2z el 
When z is less than 1 
G(Q)=308) 05,0 a tas Be eae emncO) 
When z is greater than 4 
Gay =(V fz kV ig 
while generally the following table may be used :— 
Z==0-5 1:0 15 20 25 30 35 40 


G(z)=0-000975 0:01519 0-0691 0-1724 0-295 0-405 0-499 0-584 
z=4-5 5-0 
G(z)=0-669 0-755 


8. Eddy Current Losses im a Coil. 


Equation (18) may be applied to determine the eddy 
current losses in a coil placed in an alternating magnetic 
field, provided that the values of H and H’ are practically 
constant over the section of an individual wire, that their 
variation is slow along the axis of the wire and that the radius 
of curvature of the wire is large compared with the radius 
of the wire itself. Then assuming for simplicity that the 
field is acting transversely so that H’=9, the rate of energy 
dissipation in the whole coil is 


w=£ ‘Pal 
=£4@/. Dp oe oD 


where the integration is taken throughout the length ? ci the 
wire of the coil. 

If H,,” is the mean square value of the transverse field 
acting on the coil and F# is the direct current resistance of’ 
the coil, equation (22) may be written 


W=1PRG(2)Hp2. «2 we (28) 
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9. Coil in Presence of Two Other Coils. 


Let the field H be due to two currents of vector values, 
I,, Iz, and of phase difference y, flowing in two neighbouring 
coils. The vector fields due to I, and Ig, which act on an 
element of the coil, will be of the forms @,I4, asIg, and will be 
inclined in space at an angle 9. 

The components of the field along and perpendicular to 


@,I; are 
H,;=a,1,-+aIz cos 9 


H.=a,I¢ sin 9, 
so that if H,, H, are the amplitudes of H;, Hg, J,, I, the 
amplitudes of I,, Ig, the value of H? is 
H+ 
=a,"I,*-+a,7I .* cos* 9-++-2a,a1 1, cos 9 cos pa,"1,” sin 
and its mean value throughout the whole coil is 


2 ol 2 pl I 
Haat | aed" | aged 28 cos p | a,a,cospdl. . (24) 
Jo J 0 0 


The rate of dissipation of energy in the coil is therefore obtained 
by using this value of H,,7 in (23). 


10. Resistance System Inutating Eddy Current Losses. 

Let the two coils (J and IZ) which carry the currents J, 
and I, have their circuits connected by the resistance system 
shown in Fig. 4. The rate of dissipation of energy in this 
resistance system is 

W' =f, 1 P+ Heel P—o.1 I cosy, . . . « » (25) 
and the system will dissipate the same energy as the eddy 
currents in the coil just considered provided that 


jl fae 
ry =hPRG(2)} 7 | aed 
Fay =hERG)| 7 [ata 2. (286) 


142 flee dl 
o,=—4PRG(z) ta Oita Ole 


If by the converse of transformation (A) we convert o, to a 


mutual operator, the common point may be removed and r,,, 
AA 2 
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oe, Te Will then represent the increments of resistances and 
the impurity introduced by the eddy current losses in a 
neighbouring coil. If there are a number of neighbouring 
coils, then since the losses are additive, the eddy current 
resistances and impurities are sums of expressions such as 
(26). In particular the neighbouring coils may simply be the 
coils J and II and the eddy current resistances and impurities 
are got by performing the integrations in (26) throughout the 
lengths of wire in the two coils. 

The increments in resistance obtained in this way are to be 
added to the ordinary “skin” increments of resistance, the 


Fig. 4. 


latter being due to the currents flowing in the individual 
elements of the coil. 


11. Conditions Governing Sign of o-. 


In applying equation (26) some care is required in order to 
avoid the wrong sign for o,. In Fig. 4, from which the 
equations have been deduced, the directions of the currents 
are such that if J,=J,—I the current J will flow only through 
the resistances 14.—¢,4, %9.—%,, So that when the coils are 
connected in series the total eddy current resistance is 
Tyetye—20,. In order therefore to make o, consistent 
with the defining equation (1) the mutual inductance M 
between the coils J and ZZ must, under the same conditions, 
oppose the self-inductances. Now aj, dy are fields due to 
unit currents in coils J and IJ respectively, so that in order 
to obtain the correct sign for 7, the directions of these unit 
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currents must be so chosen that the mutual inductance 
opposes the self-inductances. With this convention o, will 
be positive if the sum of the eddy current resistances is less 
than the eddy current resistance of the coils in series and 
helping. 
12. 
It is readily seen from equations (26) that the inequalities 
TyetToe>2e, 
lyf oe2 [ee 


hold for the eddy current resistances, relations analagous to 
those between self and mutual inductances. 


13. Systems of Parallel Wires. 


The theory finds its simplest application when the coils J and 
IT consist of systems of parallel wires. The results in these 
cases may be applied to coaxial coils provided that winding 


Impurity Positive 


2 


Impurity Negative 


Ices ¥5% 


sections of the coils and their distance apart are small 
. compared with their radii. 

In order to illustrate the properties of the impurity ¢,, 
consider three parallel wires A, B, C (Fig. 5). Let A be the 
coil J and B the coil JJ. Let C carry no current. The 
impurity introduced by the presence of C will be negative, 
zero or positive according as the angle of inclination of the 
fields at C’ produced by opposite currents in A and B is less 
than, equal to, or greater than a/2. If a circle be drawn 
with AB as diameter, then since the two fields are normal at 
all points on this circle, the impurity due to the presence of 
C changes sign from negative to positive as C is moved out 
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of the circle. Along the line AB, the fields either help or 
oppose each other, so that when C is collinear with AB the 
condition 74,1's.—72—0 is satisfied.’ This is a case of perfect 
eddy current coupling. 

The above conclusions still apply when the wires A and 
B are replaced by bundles of wires, provided that the distance 
of C is sufficient to warrant the assumption that the currents 
in A and B act as if concentrated at a point. It is thus 
possible to counteract an already existing impurity of any 
sign by introducing a third coil carrying no current in the 
proper position with respect to the two coils forming the 
mutual inductance. An example of this use of eddy currents 
to correct impurity is given in Section 19. 


14. System of Four Wvres. 

Let there be four coplanar wires, two constituting the coil I 
and two constituting the coil IZ, spaced at equal distances 
D. Numbering the wires in order 1, 2, 3, 4, there are three 
possible combinations, (1, 2), (3, 4) ; (1, 3), (2, 4); (1, 4), (2, 3), 
each giving different effective resistances and impurities. 


By a simple application of the formula H =a we obtain the 


following values for @,, @, cos for the combination (1, 2), 


(3, 4). 


Wire a,D aD COs © 

1 2 5/3 a 

2 2 3 +1 

3 3) 2 +1 

4 5/3 2 1 

Using these values in (26) we find 
a2 a 
T= 2472 Be G(z)R=1o, o,=—0-667 Pp G(2)R 


in which # is the direct-current resistance of one pair of 
wires. By similar methods for the combination (1, 3), (2, 4) 
we find 


d? ere 
Ty=1-139 55 G()R=12., Te—=-+0-667 De G(zZ)R 
and for the combination (1, 4), (2, 3) 
d? d? 
1 e=0-361 <_G(2)R, ?'o¢=3-250-—G(2)R, o,=0. 


D fe 
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In = three cases 7}.+1 +20, has the same value, viz., 
Sou, G(z)R, which is, of course, the proper value for the 
proximity resistance of a system of four parallel wires carrying 
currents in the same direction. The example also shows that 
the sign and magnitude of the impurity depends upon the 
interlacing of the wires of the two coils, the tendency being 
for the impurity to increase positively as the interlacing 
increases. This point may be further illustrated by a system 
of 12 equidistant wires, of which six constitute one circuit 
and six the other circuit. If we write 

ad 


OU» Db G(z)R, 


Uy, takes the following values for different arrangements :— 


Arrangement Ur. 
111111222222 —0-80 
ELLI12222221 —0:70 
LID 2222221 1 —0-66 
1112222221011 —0-65 
111222111222 —0-35 
112211221122 —0-00; 


Lb 2R 21 21-2.1;2 --0-66 


Interlacing the coils will increase intercapacity effects, so 
that if the coils are used with their common point such that 
the inductance in series is a minimum, the effect of increasing 
intercapacity will cause a capacity impurity acting oppositely 
to the eddy current impurity. 


15. Short Single Layer Coils in Contact. 


The eddy current impurity between two short coils of 
equal radius in end contact may be calculated if their separate 
effective resistances 7,,, 7, and their effective resistance 7, in 
series are known for 7;=1ye+7T e+ 2%. 

The value of 7, has been shown by the author in another 
Paper to be of the form 

d2 
r 


ina GOR: oe eis 2s 8 27) 

Where R is the direct-current resistance of the whole 
combination, G(z) is defined in Section 7, d is the diameter 
of the wire, D the distance of consecutive wires and u, isa 
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factor depending on the number of wires ” in the two coils. 
The following values when plotted against 1/n enable w, to 
be determined in any case :— 
al 2 aime) ti) TO pmeiiie 
Un,=0-000, 1-000, 1-500, 2-014, 2-514, 3-290 


The values of 74,, 7 9¢ are, however, greater than would be 
estimated by the above method because of the eddy currents 
induced in one coil by the current in the other. Ifthe number 
of wires is finite in both coils, the additive term due to the 
presence of the other coil may be calculated by methods 
similar in principle to those employed in the case of the 
four-wire system. When the number of wires is large, this 
method becomes laborious, but the extreme case of an infinite 
number of wires may be obtained by integration. Treating 
the narrow coils as straight-wire systems, oe field at any 


ate 


point in the plane of a strip of width a is 2 sae where 


I is the current in each wire and z the distance of ae point 
from the edge of the strip. If the strip representing the 
other coil has width 6, the mean square value of the field 
over this coil is 


47? Soni ing 9 ate te toes fe) 


in which i ) = i . log? ear 
0 Is 


The values of f(u) may be obtained in the torm oi series. 
Thus suitable series are : 


w<2 
f(uj=— plog?y +2 log » log (I—v) 2 5 eres: 
1 
in which v=u/(1+u); 
p>2 
calla ket REN We a dp if 
— 2 (: 
ae SL ees ru Fg oe eerie’ 18(s—r-Et 9) 


By (26) the term in r,, for the . (a), which is due to the 
eddy currents in (0) is 


Sew ee (2) Ra oe moe sleyRe 
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where R,, R, are the direct-current resistances of R, and R,. 
Hence 


r= (ual +t(®)| SOR, 
Meeisi30) 


re {ual)tf($)} 2 eer, 


These equations, together with (27) and the tables of uv, and 
f(6/a) enable the eddy current resistances and impurities of 
short single layer coils in end contact to be calculated. In 
the tables for f (b/a) the values for the case b/a infinite but 
n finite are calculated from the formula 


b . i be ded | 1 


—q(l4gt3 +. -- tay) 


Where n is the number of wires in a. 
When 7 is also infinite f(b/a)=2?/3. 
Values of f(b/a) in Equations (30). 
ma=number of wires in system a. 


No= 39 99 2” ” 2” b. 
bla <1. 

Na ns | f (b/a) a ne» f(b/a). | 
2 1 1-125 5 1 1:042 
3 2 1-511 10 4 1-704 
3 1 1-120 10 3 1-523 
5 4 1-858 10 2 1-265 
5 3 1-701 10 1 0-858 
5 Bs 1-462 

Na=N=infinity. 
bja= 0-2 0-4 0-6 0-8 
f (b/a) = 1:375 2-089 2-334 2-492 
bla> 1. 
Ne b/a=1 2 3 4 5 inf. 


1 1-000 1-250 1-361 1-423 1-463 1-645 
2 1-472 1-743 1-859 1-923 1-963 2-145 
3 1-715 1-992 2-108 2-172 2-209 2-395 
5 1-970 2-248 2-365 2-429 2-470 2-652 
10 2-218 2-497 2-613 2-674 2-710 2-901 
inf. 2-606 2-886 3-002 3-067 3-119 3290 


[is i ee ee ee as 
For interpolation f(b/a) may be plotted against b/a for different values of 
Na, and against 1/n for different values of b/a. 
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16. 


As an illustration of the application of these results 
let the coil (a) have 20 turns, and the coil (b) 30 turns. 
Then by graphical interpolation from the tables we find 
for coil (a) » 
f(b/a, %q)=f (3/2, 30) =2-55 
Wy (QA) \~ Ugg 1 == 2084, 
so that by (30) 


2 
rye=B-39 X20 G2) Re, - Sy ae ee) 


R being the direct-current resistance of one turn of wire. 


For coil (6) 
f(a/b, m)=f(2/3, 30) =2-24 


UD) => “Ugg a= 2°98 
and 
a2 
2g=5-22 X30G(z) 7p, R. "oe, SAB) 


For coils (a) and (5) in series, helping 
f=0 Un=Us9=3-10 
and 
ts d? 
Tye TT eet 27e=15=3:-10 x 50G(2). 5 Pe Cat OE Go oS (C) 
From (A), (B) and (c) 
agit Toet OesaL OG lO Deb 
o, being negative. 

The absolute magnitudes will depend upon the frequency, 
the diameter of the wire and the spacing. If we assume the 
wire to be of copper of resistivity 1,600 C.G.S. units, and of 
diameter 1 mm., then by (17) the value of z is unity when the 


frequency is approximately 8,000 cycles per second, and then 
G(z)=0-01519. Therefore if we take d/D=0-8 


‘16 


20R 


=5:39 x 0-01519 x (0-8)? =0-0523, 


so that at this frequency the value of r,, is 5-2 per cent. of the 
direct-current resistance of coil (a). 


The ordinary skin effect for copper wire of diameter 1 mm. 
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at this frequency causes an increase of 0-52 per cent., and this 
must be added to the above value. If coil (b) had been absent 
the value of 7,, would be reduced in the ratio 2-84/5-39, so 
that slightly less than half of the above increase is due to the 
presence of the coil (6). 

For frequencies less than 8,000 cycles per second the eddy 
current resistances would fall as the square of the frequency, 
as by section (7) 2? is proportional to frequency, and G(z) is 
proportional to 24. 

At greater frequencies the increase is not so rapid, and may 

be deduced from the values of G(z) given in section (7), 2 being 
proportional to the square root of the frequency. 
' In certain applications the values of ry/L,0, 1o/L, 
o-/Mw are of importance, the latter quantity giving the want 
of quadrature of the mutual inductance. In the above 
example if we suppose the coils such that R/Z for coil (a) is 
about 1,000, we have 7,,/L2,0—0'001, and this also gives the 
order of o,/Mw. Hence at a frequency of 8,000 cycles per 
second the secondary E.M.F. will lead the primary current by 
an angle which exceeds a right angle by about 0°001 radian, 
1.€., about 3’. 

This angle does not increase indefinitely with frequency, as 
from (27) and (17) o,/Mwo is proportional to G(z)/z?. From the 
table of values for G(z) it is seen that G(z)/z? is maximum when 
z—=2-6, and (for the above example) the maximum value for the 
want of quadrature is about 10’. 

It should be noted that for a given spacing factor this maxi- 
mum angle is independent of the diameter of the wire, but is 
pushed further up the scale of frequency as the diameter of 
the wire diminishes. 


17. Short Many-layered Coils Wound Over Each Other. 

The investigation will be confined to the case in which the 
winding depth is small compared with the winding breadth, 
and the latter small compared with the coil radius. The results 
apply whether the coils are solenoidal or flat. 

For a single coil of winding breadth, b, having m layers and 
nm turns per layer of wire of diameter d, and direct-current 
resistance R,, the term to be added to the effective resistance 
due to the increased eddy currents produced by coiling, has 
been shown by the author to be 


ropa ("S) 2m —1)G(2)Ry bay, oe (31) 


330 MR. S. BUTTERWORTH ON 


If a second coil of M layers is wound over this coil there is a 
further increase in resistance due to the eddy currents induced 
in the wire of the second coil. 

The components of the field due to the current J in the first 
coil acting along and perpendicular to the winding breadth 


have the values 2xmnI/b, and 2mnI log eed respectively at a 


point on its surface distant x from the edge. If the second 

coil has very small winding depth, and is close on the first, the 

mean square value of the field having the above components 

may be used in (23) to determine the required additive term. 
Since . 


1 5 Ut set 
be Ae ee dz= 3? 
the result is 
4 nd\2 e 
Boe ike ie NMG (2) hea, ne ee oe) 


remembering that R in (23) refers to the second coil, and is 
R,M/m. 
Combining with (31) we have 


2 
ese: 4 G(2)R,(2m?-+4Mm—1). . . (33) 
Similarly 
12(nad\? 9172 
Vg == $50 & G(z)R,(2M’+4Mm—1), . (34) 


and for the two coils in series helping (31) immediately gives 


nd 


2 
Pet oe+20,=h02 G(2)(Ry+R,) 2(M+m)2—1} (35) 


Solving for 6, with aoe 
nar? 
eens? | G(2\(R,+R,)Mm.. . . . (36) 


Comparing with (31) o-/r,=M(M-+m)/(2m?— 1) from which 
it is seen that in the case of equal coils the impurity is slightly 
greater than the term due to the coiling when the two coils are ° 
separate. Since the electromagnetic coupling is fairly close, 
the value of r,/Lw for either coil may be taken as a measure 
also of o,/Mw, the want of quadrature. 
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It should be noted also that o, is positive for coils with 
their widest edges in contact, thus differing from the coils in 
end contact treated in section 15. 


18. 


Some notion of the magnitude of the eddy current im- 
purities in coils of the type just considered may be obtained 
by taking wire of a diameter of 1 mm. and a frequency of 
8,000 cycles per second. Suppose also that for a single layer 
R,/L,=1,000. By the example of section (16) the value of 
r-/L,@ for a single layer is of the order 5/10,000. Now as the 
layers increase L increases as m?, R, as m, so that by (31) 
r,/L.,@ will increase as (2m?—1)/m. If m is large the value 
of r,/L,@ will therefore be m/1,000, and this may also be taken 
as a measure of o,/Mw. Errors in quadrature due to this 
cause will therefore amount to one per cent. (34’) at a frequency 
of 8,000 cycles per second. For lower frequencies and dia- 
meters the error is proportional to the frequency and the fourth 
power of the diameter, so that the formula 

oe. mf : Ris 

Mow ~°8x10° L 
may be used to give a very rough estimate of the want of 
quadrature. In this formula R/Z is the time constant of a 
single layer, d the diameter of the wireinmm., f the frequency 
in cycles per second, m the number of layers in one of the 
two equal coils. 

Separation of the coils will not necessarily determine the 
value of +,/M as both ¢, and M will diminish. 


19. Balancing of Impurity and Frequency Co-efficient of a 
Mutual Inductance. 


It will now be shown that it is possible to introduce inter- 
capacity and eddy current losses of such a magnitude as to 
balance simultaneously an already existing frequency co- 
efficient and impurity in a mutual inductance, provided that 
the inductance is used with a common point in such a way 
that the coils are in opposition when in series. Let the two 
coils be equal and coaxial. Let the radius of each coil be 
10 cm., their separation 3 cm. and let there be 240 turns with 
a square winding section of lem. side. Each coil would 
then have an inductance of approximately 24 millihenries 
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and their mutual inductance would be approximately 10: 
millihenries. The frequency co-efficient of mutual inductance 
will be assumed to be positive and of amount 4/1,000 at a 
frequency of 2,000 cycles per second.* The impurity at the 
same frequency will be taken to be +-0:08 ohm.* 

If intercapacity is introduced then by (8) and (9) with L,= 
L,—L, the frequency co-efficient of M is reduced by w*Cy, 
(L—M)2/M and the impurity by 2Rw*C,,(Z—M). Using the 
above values of LZ, M the value of C,, required to wipe out the 
already existing frequency co-efficient is approximately 
1,280 wuF. This will also introduce negative impurity of 
amount 0:0057R ohms. If the resistance of the coils is less than 
14 ohms resistance may be added until 0:0057R=0°08, and this. 
will be sufficient to balance the impurity. 

If R is greater than 14 ohms, the impurity has become neg- 
ative by the addition of capacity, and in this case an auxiliary 
coil of the same radius as the other coils can be placed coaxi- 
ally with them to introduce positive impurity. Thus suppose 
the auxiliary coil to consist of wire 1 mm. diameter placed at. 
1:5 em. separation from the nearer coil, the positive impurity 

2 

introduced by the auxiliary coil is G(z)R’, 

Y= DD; 

where N=No. of turns in the inductometer coils=240. 
a=diameter of wire=0.1 cm. 


D,, D.=separations of coil from inductometer coils. 
= 15) 4 vem. 
k’=resistance of auxiliary coil, 


Using these values and remembering that G(z)=0-01519 at a 
frequency of 8,000 cycles per second and falls as the square of 
the frequency, the value of R’ to give 0°01 ohm impurity at 
2,000 cycles per second is 


R’=0°124 ohm. 


This corresponds to about 10 turns of wire of radius 10 cm. 
This balancing will hold over the range of frequencies, for 
which the square law holds. If the diameter of any wire used 
does not exceed 1mm. the range is up to 8,000 cycles per 
second. ; 


* These are the order of magnitude of these quantities in. the Campbell 
type of inductometer. 
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20. Effect of Impurity, &c., in Alternating Current Bridges. 


The effect of impurity in alternating current bridge measure- 
ments in which mutual inductances are employed may be 
included by replacing the mutual impedance j@M in the vector: 
equations of balance of these bridges by ¢+jwM. In inter- 
preting these equations account should of course be taken of 
the variations of inductance and resistance of the various arms 
with frequency. Three bridges will be considered. 

(1) The Heaviside Inductance bridge with equal arms. 

(2) The Carey Foster Inductance-capacity bridge. 

(3) A modified Campbell frequency bridge. 


21. The Heaviside Inductance Bridge.* 


The bridge is shown in Fig. 6. P, P are two similar coils 
of small residual inductance. JL, R is the inductive coil to be 


Fic. 6.—HEAVISIDE InDUCTANCE BRIDGE. 


measured by means of the inductometer WM. RF is a constant 
inductance rheostat. 

Let the procedure be as follows :— 

With the source connected toaand _Y, Fremoved, L, and k 
are adjusted for balance. Then with ¢, Gin position and the 
source connected to b, M and R are adjusted for balance. 
Let the two values of R be R’, R”. 

If residuals and impurities are ignored #=2M and R= 
R’—R’. 


As regards residuals, if observations are repeated with the. 


* Heaviside, ‘“‘ Phil. Mag.,” p. 173, Vol. XXIII., 1887. 
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arms P, P reversed the residuals of P, P cancel in the mean. 
Also, R being of constant inductance the residuals of the other 
arms cancel when the above procedure is used. 

If the mutual inductance has impurity « a simple applica- 
tion of transformation (A) shows that the two conditions of 
balance are_ #=2M, SK=20+ R’—R" 

It should be noted that the value of R, for the coil LZ, only 
remains the same in the two adjustments provided that the 
inductive action of M is introduced by the method of trans- 
ference of the source from a to b keeping the primary coil of 
the inductometer in position. This is the procedure used in the 
Campbell form of inductometer, the fine adjustment only being 
made by a moving coil. In inductometers in which the whole 
of the adjustment is made by a moving coil, the eddy current 
and capacity conditions may be different in the two balances, 
so that R, will have different effective values. 

Since for an inductometer of 10 millihenries o may be of 
the order 0°1 ohm at a frequency of 2,000 cycles per second, 
neglect of o in the relation between the resistance may intro- 
duce errors of order two per cent. in measurements of the 
effective resistance of 20 millhenry inductances of a nominal 
resistance of 10 ohms. 


22. The Carey-Foster Inductance Capacity Bridge.* 

The elements of this bridge (Fig. 7) are :— 

(2) The condenser arm having effective capacity C and 
effective series resistance S.T 

Let its vector impedance be Z=S—j/aC. 

(6) The inductive arm P, L having vector impedance = 
P+joL ; 

(c) The resistance arm R having residual inductance | and 
therefore vector impedance Y=R+)l ; 

(d) The mutual inductance M having impurity o and acting 
on the inductive arm. Its mutual impedance is m=o+joM. 

The condition of balance is readily found by applying trans- 
formation (A) to the mutual inductance. The result is a 
Wheatstone bridge of which the upper arms have vector 


* A. Campbell, Proc. Phys. Soc., Vol. XX., p. 626 (1907). Also Phil. 
Mag., October, 1907. : 

+ The effective capacity and resistance refer to the whole arm. Thus C 
includes the equivalent capacitiesof the leads and any residual inductance 
in S, while S includes the effective resistance of the condenser and leads as 
well as any added resistance. 
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impedances m, E—m, and the lower arms have vector impe- 
dances Y, Z. The vector equation of balance is therefore 


LAD AES) en nee cee eee (37) 


Inserting the values of m, &, Y, Z and separating real and 
imaginary parts, 

M/C+cS=(P—c)R—wl(L—M). ... . (38) 

2 TS a tng Qs <n | oe, (39) 

In these equations M, K, c, P, L, S may vary with frequency. 


Also o, 1 and the frequency variations may be taken to be so 
small that their squares or products may be ignored. Thus in 


Fig. 7.—THeE Carry-Foster INDUCTANCE Capacity BRIDGE. 


the small terms of (38) and (39) we may assume with sufficient 
accuracy that the relations 
MIC PR S—R(L—M)(M on was pe (4D) 
will hold. 
In regard to equation (38) if we write P=P,+r, where Py 
is the direct current resistance of P and Cp>=M/P,R we 
obtain to the first order of small quantities 


r—L/M | oPl(L—M)) i 
ae 


which shows that if we calculate C, with the value of M proper 
to the frequency of measurement there is a further frequency 
correction due not only to residual inductance in R, but also 
due to the change of the effective resistance of P and to the 
change of impurity with frequency. The latter correction 
is less the greater the value of Po, so that different values of 
C, may be obtained if measurements are made with different 


VOU XR XIIE BB 
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values of P, keeping P,R constant. Even if the values of 
C, are consistent with various values of P, this is no proof 
that r and o are negligible, but merely that they are of the 
same sign and that r/Z and /M are approximately equal. 

Since r and o normally vary as the square of the frequency 
it is probably preferable to write (41). 


M, 


ER 


(i Pyoty Ge lane ee (eas 
in which yw* is the frequency correction peculiar to the particu- 
lar arrangement of capacity inductance bridge used, and M, 
is the geometrical mutual inductance. 

It is possible by means of Anderson’s bridge to determine 
the true variation of the capacity of a condenser with frequency 
so that the value of y may be determined. 

Further, by taking observations with different values of P, 
keeping P,R constant, the first correction term in (41) may 
be separated, and therefore since the residual inductance / 
of R may be measured we can determine by means of the 
capacity balance of the Carey-Foster bridge the true variation 
of M with frequency and the value of r—c L/M. 

Turning now to the second equation of balance (39) the 
resistance S includes the series resistance, (s) representing loss 
in the condenser, so that putting S=S)+s equation (39) 
may be written 


s—o/o*MC=R (4-1) +5981 me eee 


Now L/M may vary with the frequency, but otherwise the 
quantities on the right-hand side of (43) may be regarded as 
known. 

Writing  0/M= [Mote =) es eee em ae 
and se —R(Lyf Mp1) 15S, aR Usk oe eee (en 


8) being capable of being precisely determined, we have 
8-9] MC oy i= =85. 0 a ee eT 


Thus the second equation in the Carey-Foster bridge balance 

merely gives a relation between three unknown quantities. 
However, by taking observations with different values of 

& keeping PR constant, the value of ~ may be determined. 
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If o varies as the square of the frequency equation (46) shows 
that even if the correction uw? is applied the apparent series 
resistance of a condenser as measured by the Carey Foster 
method is still in error by a constant amount. 

As regards the above determination of the correction yu, a 
check determination may be made if the variation of the 
Series resistance of a condenser with frequency can be deter- 
mined independently. This may be done by a proper use 
of Anderson’s bridge*. A comparison of the variations of 
Sy mM equation (46) with those of s then gives the value of 
wk, the assumption being that o/w?MC is constant, or 
that o varies as the square of the frequency. As has already 
been pointed out, the four-point contact where the galvano- 
meter and # are connected to the inductometer may cause 
trouble in regard to the impurity. If this causes a true resis- 
tance coupling it will introduce a term varying as 1/? in 
the apparent series resistance of the condenser, and is thus 
of importance at the lower frequencies. 


23. The Modified Campbell Frequency Bridge.t 


This bridge is shown in Fig. 8, the modification being the 
addition of an adjustable condenser C’ across the open ends 
of the inductometer M. ° 

If the mutual inductance and capacity C are both perfect 
the only condition of balance is 


iM Om Ne eo, oe, 4 aa er 


If these two elements are not perfect a second balance is 
required. Equation (9) shows that intercapacity may be used 
to cause the impurity of a mutual inductance to assume a 
negative value. This suggests the introduction of the con- 
denser C’ in Fig. 8. The addition of C’ will modify the original 
condition (47). The new conditions are found as follows :— 
Apply transformation (A) to the mutual inductance to convert 
it to a “star” combination without mutual inductance. 
Then apply transformation (B) to the mesh formed by C’ 
and the two arms of the star which it connects. The result is 
that the generating and detecting circuits are connected only 
by a single arm and the conditions of balance follow from the 


*The use of Anderson’s Bridge for determining the true variation of the 
series resistance and capacity of a condenser will form the subject of a 
separate Paper. é 

H A. Campbell, Proc. Phys. Soc., Vol. XXI., p. 69 (1908). 
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condition that the vector impedance of this arm shall be zero. 
Thus after transformation (A) the circuits are as shown in 
Fig. 8a in which the vector impedances are 
a=R,—o+jo(L,—M), p=R,—o+jo(L,—M), 
y==—4/wC’, 6=o+s+7(wM—1/o0(C). 
Applying transformation (B) to the mesh a, f, y the arm 
common to the generating and detecting circuits will then 


have vector impedance af/(a+f-+y) + 6, and the condition 
of balance is that 


apart pty) oO al en ae Seen aes 


Now for small values of ¢ and s, 6 will be small compared 
with a and f in the neighbourhood of balance. Hence y 


yh 


(a) 


Fic. 8.—Mopirtep CampBeLtL Frequency BRIDGE. 


must be large, so that to the first order of small quantities (48) 
becomes 


apy Oia, wai eh fae (49) 
Inserting the values of a, £, y, 6 the two conditions are 

w*MC=1—CC'{R,R,—o%(L,—M)(L,—M)} . . (50) 

o+s=wC'{R,(L,—M)+R(L,—M)}. . . . (51) 


o being ignored where it is multiplied by the small quantity C’. 
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In regard to equation (50) it should be noted that if the 

relation 

R,R,=w(L,—-M)(L,—M). . . . . . . © (52) 
is satisfied then to the first order of small quantities, the 
original condition 

oMC=1 

is the condition for this balance. At the usual frequencies for 
which the bridge is suitable (1,000 cycles per second upwards) 
the relation (52) is practically ZL, or L,—M. When this 
condition is satisfied the balances do not react on each other 
if adjustments are made by C and C’. Otherwise the adjust- 
ments may be made independent by inserting a small adjust- 
able resistance (=S, say) in series with the condenser C, 
and adjusting by C and S. 

As regards equation (51) it is not necessary to know the 
separate values of R,, R,, &c., if the following procedure is 
adopted. Using the adjustments C and S repeat the balances 
with different values of C’. Then since ¢-+s-+-S is proportional 
to C’, the latter when plotted against S will give a straight 
line cutting the negative side of the axis of S at the value 
o+s. This method may be used if C’ is so large that the 
approximation used in obtaining equations (50) and (51) 
is no longer valid. For then by expansion of af/(a+f-+-y) 
in powers of 1/y and extracting the real part we obtain instead 
of (51) an expression of the form 

fala 21 TREY | (On 6c = theo ae aon ean) 

By using a sufficient number of values of C’ the quantities 
ots, A, B... may be found. The same procedure holds 
in regard to (50), the equation being of the form 


w*MC=1+A'C’+B'C?4+ --- . . . . (54) 
The modified frequency bridge will therefore yield the values 
of ¢+s and MC at a known frequency. 


24. Determination of Impurity of a Mutual Inductance and 
Series Resistance of a Condenser by two sets of Bridge Measure- 
ments. 

It has been shown in section 22 that the value of s—o/w?MC 
may be determined by means of the Carey-Foster bridge, and 
in section 23 that the value of o+s may be found by means 
of the modified Campbell frequency bridge if the frequency is 
such that w2MC=1. Hence the two sets of determinations 
yield s—o and s+ respectively at this frequency and enable 
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s and « to be determined separately. An essential point in 
this and similar methods is that the common point of the 
outual inductance shall be the same in both bridges, as a change 
in common point will alter the intercapacity relations and, 
therefore, alter oc. 


25. Measurement of Impurity and Effective Resistance by 
Combined Observations on the Heaviside Bridge and the Carey- 
Foster Bridge. 

If observations of the capacity balance are taken on the 
Carey-Foster bridge with different values of P, keeping PR 
constant, the results enable (r—-cL/M) to be determined, 
where r is the added resistance in the arm P due to the alter- 
nations of the current. Again, from the Heaviside bridge, if 
r’ is the added resistance of another inductive coil (the coil L 
of Fig. 6), the measurements give r’—2c. Hence, if two 
inductometers are used we can measure r—oL/M, r’—o'L'/M’, 
r’—2c0, r—2e’, the accented letters referring to the second 
inductometer. These four relations will, therefore, give the 
required quantities 7, 7’, 0, ’. 


26. Experimental Study of the Frequency Variations of a 
Mutual Inductometer. 

The inductometer studied was one of the Campbell type* 
having a range of 10 millihenries sub-divided by tappings in 
steps of 0-1 millihenry for coarse adjustment, while fine ad- 
justments were secured by a moving coil having a range 
somewhat greater than 0-1 millihenry. The scale of the 
moving coil was capable of being read to 0-1 microhenry, so 
that an accuracy of setting of one part in 100,000 of the whole 
range could be secured. 

The method of sub-division of the fixed coils is important. 
This is obtained by twisting 10 equal insulated strands together, 
connecting in series through tappings, winding as one coil (the 
primary coil) and adjusting the whole to have a mutual in- 
ductance of 10 millihenries with regard to the fixed secondary 
coil. By this method the sub-division into millihenries is 
found to be correct to a fraction of a microhenry. 

This mode of sub-division, however, introduces large 
capacity effects in the coil because the first and last sections 
are very close together. When one section only is used, the 
presence of the remaining nine sections, almost perfectly 


* A. Campbell, Proc. Phys. Soc., Vol. XXI., p. 69 (1908). 
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coupled, causes the system to behave as a 9 to 1 transformer 
with a capacity load, and thus introduces a large effective self 
capacity in the coil in use. 

27. 


The frequency variations to be determined are those of 
the mutual inductance and the self inductance of the 
secondary coil, the impurity, and the effective resistance of 
the secondary coil. These quantities are not usually required 
for the primary coil as this coil is in the source arm in alter- 
nating current bridges. The methods to be given are inde- 
pendent of any assumption in regard to the perfection of 
inductive coils and condensers. All that is assumed is that 
“ non-inductive ” resistances and the residual inductances of 
these resistances are invariable with frequency. 


28. Source Employed. 
The source employed was the simple valve circuit, shown 
in Fig. 9. : 
The filament current of the valve was about 4 amperes, and 
the filament voltage 12 volts, while the anode voltage was 400 


400 volts 


To ; 
Lridge 0-5mf 


IZ volts. 
Fig. 9.—Source ofr ALTERNATING CURRENT. 


volts. The anode inductance was. 20 millihenries, and the 
anode capacity was adjustable continuously to 5 mfds., so 
yhat frequency could be varied from 500 ~ per second upwards. 
The grid inductance was about 1 henry and was not usually 
tuned. 

A number of experiments were made using the modified 
Campbell frequency bridge, partly to test the modification, 
but mainly to form some notion of the steadiness of the valve 
source and its reaction to various factors. 
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With a frequency bridge for which M10 millihenries, 
C=0-5 mfd., so that the frequency_was about 1,600~ per 
second, it was found that by placing an air condenser (c) in 
parallel with C, and making ‘the final adjustments by this 
condenser, the sensitivity with a 60 ohms Brown telephone 
was such as to enable a change of 1 wul to be detected. 
This means that the arrangement is capable of holding a 
frequency constant to one part in a million if the other ele- 
ments of the bridge can be kept constant to this accuracy. 

The following observations illustrate a test of the drift in 
frequency which occurred during a three hours’ continuous 
run of the source, the bridge being kept on continuously :— 


| Temperatures| 
Time. -— | M 
Source}Bridge) Settin Readings. 
g g g 
h. m. | Table Table. ut. ppl. 
70. | °c! | 
515 1188 | 205 |... a Valve on 
OnO0 Saleeses ae Spe aa Bridge on 
5 431 acini 202 488 4d 1g ce minute 
5 Soot geen ey | 165.170. , 178 185 190 _|cxeadinga. 
sa ht ee wee erry ar are weer ewnk Ge INE ees | 
6 20s] 17 1205 | LOOTNO I 145" 143-5 146 148 150 | readings 
6 47 | 124 125 «127.—«128—«129 
6 52f) 188 | 20-5 10013014 159.5 131 131-5 134 134 . 
PAG ee once te eee lf 1665 167 167-5 167-5 168 i 
T20icheealieus | 10015-0)5 168-5 169 170 | 170-5 171 i 
748042 x | f187:5 188 188 189 189-5 . 
7 50 [| 18°65) 20° | 10013°0/5 39 189 __189-5- 190-5 190 . 
ce a0 here ee lf 197 197 196 1965 196 
a We Raed xia | 10013-014-196-.5 1965-1965 197 197 “ 


From the groups of observations of c the values of the 
inductance M which would have secured a balance without 
change of c were deduced for the moments given in the fol- 
lowing table, which also gives the drifts at these moments 
expressed in terms of M. Since for the frequency bridge 
w*MC=1, the changes in adjustments of M with time are 
proportional to 1/a. 


Time. Corrected M. Drift 
h. m. ui. per miu. 
5 45 10011-42, 0-071 
6515 13-32, 0-040 
6 45 14-20, 0-022 
7 15 14-66, 0-010 
7 45 14-87, 0-004, 
8 15 14-96, 0-000, 
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The results are plotted in Fig 10, the tangential lines repre- 
senting the observed drifts. The curve B shows the observed 
drift on a Carey-Foster bridge under similar conditions. The 
balance for this bridge is practically independent of frequency, 
so that this curve gives some indication as to what portion of 
the drift is contributed by the elements of the bridge. 

The curve shows the extremely regular behaviour of a valve 
source when working under favourable conditions. 

The whole change in 23 hours is only 2 parts in 10,000 when 
expressed in terms of frequency, the change in the last hour 


Time in Hours. 


Fie. 10.—Drirt In FREQUENCY OF A VALVE Source as INDICATED 
BY THE MopiIFiED FREQUENCY BRIDGE. 


being 15 in a million, and during the whole period there was 
no detectable departure from a regular drift. Other tests 
were made showing that the source was susceptible to various 
factors. A change of valve condenser after the circuit had 
been brought to a steady state immediately produced a further 
drift in frequency towards a new state of equilibrium (apart 
altogether from that due to any change in the value of the 
capacity). Some condensers produced a drift of opposite 
sign. 
aa increase in condenser current of 2 per cent. produced an 
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increase in frequency of two parts in 100,000, and a reduced 
filament current also increased the frequency by a few parts in 
100,000, these changes taking place immediately. By running 
the valve on full filament current for some time it was found 
possible to bring about a steady state for a reduced filament 
current much earlier than is indicated by Fig. 10. The source 
frequency is also susceptible to variations in load on the bridge, 
the change of frequency being such as would be expected from 
the reduced effective inductance of the valve circuit when 
coupled to the bridge circuit. It is therefore necessary when 
bridge measurements are being taken which involve extreme 
steadiness of frequency and also considerable changes in the 
effective resistance of the bridge to have an auxiliary fre- 
quency bridge to hold the frequency constant. The modified 
frequency bridge has been found very useful for this purpose. 


29. Harth Capacities. 

It was found to be necessary to make corrections for earth 
capacities in certain of the bridge measurements. In bridges 
of the Wheatstone bridge type (the Heaviside bridge and 
the Carey-Foster bridge) the Wagner earthing device may be 
used,* but actually a method of correction was employed 
involving two measurements with different earth points. 
This method will form the subject of a separate Paper. 

In the case of the frequency bridge, the bridge was con- 
nected to earth at the point common to the source, detector 
and condenser arm as the earth capacities (assumed to be 
condenser arms connecting the branch points to earth) will 
either have no effect or act as an added capacity to C (Fig. 8). 
As this bridge was simply used to measure changes in frequency 
or to determine quantities in which C was involved, only to 
the first order of small quantities, no appreciable error could 
arise from this cause. 


30. Frequency Coefficient of Mutual Inductance. 


For this purpose a Carey-Foster bridge method was employed, 
using a condenser of nominal value 0 5 mfd., whose variation 
with frequency had been determined by Anderson’s bridge. 
The curve of variation for this condenser is shown in Fig. 11 
in which the variations AC in micro-microfarads are plotted 
against frequency. Since the leads to the condenser and 


* See Laws, “‘ Electrical Measurements.” 
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the resistance S are included in the condenser arm (Fig. 7) 
the effect of their residual inductances must be included in 
the value of C in equation (41). Let the residual inductance 
of the condenser arm be 7. Then if C in (14) is replaced by 
C(1+?AC) the equation becomes 


an M r—oL/M wl(I—M) 2 Kk 
C=5>{! Se otc}... (65) 
Writing M=M,(1+y’w?), (55) becomes 
M, 7 
= RaW cSt coe. et OO 
C PR (1+yw?), (56) 
in which 
iTS a ate ec GS ta Lad MEIC 9) ee en) 


Po Pe 
_ and is the frequency correction of the whole bridge outside the 
condenser. 

y may be determined by the variations in the M settings 
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Fig. 11.—CHance or Capacity or 4uF CoNDENSER WITH FREQUENCY. 


required to balance the known variations in C at different 
frequencies. Actually coarse adjustments only were made by 
“the moving coil of M, the fine adjustments bemg made by 
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an air condenser C’ in parallel with C. By subtracting 
C'P,R from the reading of M (viz., Mo, since the inductometer 
is calibrated at low frequencies) the value of M, could be 
deduced which would give the reading when C’ was absent, 
and by further subtracting (Cx P,R (Fig. 11) the value of 
M, if C had remained constant at its value at a frequency 
1,000 could be obtained. 
This procedure gave the following results :— 


P)=400 ohms. R=50 ohms. 
Frequency M ~ My M, 
f om per setting f P a corrected deduced 
second. vi. al Gaia: pH. vl. 
1,650 10,025 113 —20 10023-1, 10023-1, 
1,170 10,040 202-5 —§ 10036-1, 10036-0, 
825 10,047 203-5 +12 10042-64 10042-6, 


The values in the last column are such as to satisfy the law 
M,=10049-1,{1—9-51 x 10-4 (f/1,000)?}, so that by (56) 


yo" =9-51 10-4 when f=1,000. 
For the resistances used 
A=6-5uH, 1=2:8uH, L=26-1mH. 
Using these in (57) 


Measurements made with P,=200, R=100 and P5=100, 
R=200 gave the values 9-9, x 10-4 and 10-1, x 10-4 respectively. 
By plotting these results against 1/P, the values of y’w? and 
r—oL/M may be separated leading to 


y'or=9 8X 10-4 
r—oL/M=—0-003,; ohm 


at a frequency of 1,000 ~ per second. 


31. Measurements of Impurity and Frequency Coefficient of 
| L/M. 


By the theory given in Section 22, if sy is the apparent 
series resistance of the condenser in the Carey-Foster bridge 
as defined by equation (45), s, is of the form 


SoenO OE j,i ve 9 ne 
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when the values of s, are determined with different values of 
R, keeping P,R constant, the values of a and b being by (46) 
a=s—a/a*MC, 
b=, 
s being the true series resistance of the condenser (, o the 
impurity of the mutual inductance M, and pw? the frequency 
correction of L/M. The values of a and b were determined 
using the condenser already employed in section 30 for three 
different frequencies. The results are given in the following 
table, the columns marked “s, calculated’ being obtained 
from (58), using the best values of a and 6 for the observations. 


TABLE. 


Carey-Foster Bridge. 
Variation of P and R. 


M,=10 mh. L,=26-110 mh. 
C=0°5 pF. PR=20,000. 
f=frequency ~ per second. 
f=1,000. f=1,600. f=2,000. 

R 8 8 8 s Ss s 

ahrast 0 0 0 0 6) 0 
observed | calculated.| observed | caleulated.| observed | calculated. 
ohms. ohms. ohms. 

50 0-098 0-098 0-096 0-096 0-128 0.130 
100 0-128 0-127 0-167 0-165 0-143 0.241 
200 0-185 0-185 0-302 0-303 0-464 0 462 

c= 0-069 0-027 0-019 
—b= 0-00058 0-00138 0-00222 
Loam 1-42 x 10-44 1-38 x 10-2 1-40 x 10724 

ro) 


Hence, as a mean value 
; p=—1-40<10. 

A check on this determination may be obtained by com- 
bining the results of observations on the Carey-Foster bridge 
with observations on Anderson’s bridge.* 

For the Carey-Foster bridge we have equation (46), viz., 

S>=—s—o/w?MC—pa*R, pany He? ah) 
and for Anderson’s bridge,* if s’ is the series resistance used 


with the condenser, 
s'=A—s, 


* The use of Anderson’s bridge for determining the true variation of the 
series resistance and capacity of a condenser will form the subject of a 
separate Paper. 
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where A is a quantity independent of frequency involving the 
remaining residuals in Anderson’s bridge. 
Hence 


Spts’=A- 


o 
wMC 


—noR, 


or, since ¢ is proportional to w? 
Spd =A — or i Se a ee 


from which w may be found by observations at different 


frequencies. 
The results obtained by this method for three different 
condensers are given in the following table :— 


TABLE. 


Anderson’s Bridge and Carey-Foster Bridge. 


For the Carey-Foster Bridge— 
M10 mh. C=0-5yF. [,=26:110 mh. P=4000hms. K=50 ohms. 


ie ) Pi 
—l am 
3k (as ary S. 


8’=series resistance in Anderson’s Bridge. 


Frequency Condenser | Condenser | Condenser 
cuper second. or at LT IIT. 
1,000 8p ese sia we 0-100 0-077 —0-016 
SEY py’ Se a, 0-625 0-650 0-715 
Ble ee 0-725 0-727 0-699 
yp calculated 0:726 0-726 0-700 
| 
1,600 Sere aS ae 0-096 0-072 | +0-001 
Se ges AEs Se 0-675 0-700 | 0-740 
Ren ee 0-771 0-772 0-741 
xo calculated OAL 0-771 6-745 
2,000 Sheree ee at 0-127 0-096 0-042 
Saas ie a 0-685 0-715 0-751 
pecug? observed 0-812 0-811 0-793 
Oy calculated 0-812 0-812 0-786 


The calculated values of s)+s’ were obtained from formula 
(59), using as the values A’ for the three condensers. 


A’=0-698 0-698 0-672, 


and for 4 the common value —1-42;x10-4, which are the 
values agreeing best with the observations. This value of 
differs from the previous determination by 2 per cent. 

As regards A’, the capacity of condenser III. was a few per 
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cent. higher than those of condensers I. and IJ., which differed 
only by 2 or 3 parts in 10,000. The differences in 4’ are suffi- 
ciently accounted for by the changes in the residuals in Ander- 
son's bridge brought about by rebalancing for condenser ITI. 


Determination of o. 


Using the known value of ~ in equation (46) the values of 
s—o/w?MC at a frequency of 1,600 cycles per second for the 
three condensers are 


+0-025, -+0-001, —0-070. 


Since w*MC=3 at this frequency, these are the values of 
s—2o. 

Another relation between s and o can be found by the modi- 
fied frequency bridge (section 23). For this bridge w?MC=1, 
and this condition may be secured by paralleling two of the 
condensers, say, I. and II. 

By the usual laws of combination, and by (53) the modified 
frequency bridge measures 


(s3+8)/4+co. 
The value obtained with Condensers [. and IT. was 
(s,-+s,)/4+-¢=0-096. 
Now, 8,—20=0-025 
s.—20=0-001, - 


so that, solving for s,, S59, %, 8,==0-115, s.=0-091, *=0-045 
ohms. Using this value of « for the Condenser IIT., 


$3=0-020. 


Since o varies as the square of the frequency, the value of « 
for the inductometer studied is 0-017; ohm, at a frequency of 
1,000 cycles per second. 


32. Summary of Inductometer Corrections. 


From the results obtained in sections 30 and 31 the correc- 
tions for frequency for the inductometer studied are as follows: 


At a frequency of 1,000 ~ per second the mutual inductance 
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has a positive correction of 9-8 parts in 10,000,* the self- 
inductance of the secondary coil has a positive correction of 
7-6 parts in 10,000, the impurity is 0-017; ohm, and the effective 
resistance of the secondary coil is yreater than its direct current 
value by 0-042 ohm. 

All the corrections vary as the square of the frequency. 

These corrections only hold when the mutual inductance has 
a common point such that when the coils are in series, the 
mutual inductance opposes the self-inductances. 


33. Determination of Impurity by Measurements of Effective 
Resistance. 

If an inductive coil L is placed in series with a condenser C, 
non-inductive resistance and an alternating-current ammeter 
so as to form a simple circuit, the current mduced in the 
circuit by an E.M.F. £, alternating with frequency w/2z, is 
[=E]/ {R?+(@L—1/aC)*}*, so that if C is adjusted to resonance 
with Z, the current is a maximum and has the value 
Jee ile. 

By observing the maximum current with different values of 
the non-inductive resistance the resistance of the remainder 
of the circuit may be deduced. The method therefore gives 
the resistance of the coil and condenser in series. Assuming 
the condenser to have the same power-factor at all frequencies, 
then remembering that the value of the capacity is altered for 
different frequencies the series resistance of the condenser will 
increase as the frequency, while if the coil is wound with thin 
wire the resistance of the coil increases as the square of the 
frequency, so that the losses in the condenser will become less 
and less important as the frequency increases. Moreover, at 
the higher frequencies the resonating capacity may be made 
so small that an air condenser may be used and thus the con- 
denser losses may be still further reduced. 

In order to determine the impurity of a mutual inductance 
by this method, the two coils are connected at one point (B in 
Fig. 74) and the effective resistances measured across the 
points AB, BC, CA. If at a particular frequency the values 
of the effective resistances are R,, Ry, Rs respectively, then 
since Rg3=R,+R,—20 we have 7=1}(R,+R,—Rs). 

The following values were obtained for a fixed mutual in- 

* This result is in good agreement with an earlier determination on the 


same inductometer by Campbell. (Proc. Roy. Soc., Vol. LXXXVILI., 1912, 
p. 406.) 
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ductance of 10 millihenries, wound on marble with No. 26 
d.s.c. wire. 


Primary coil £=21-9 millihenries. D.C.R.—12-54 ohms. 
Secondary coil L=21-5 millihenries. D.C.R.=12-25 ohms 
Alternating Current Resistances. 
Frequency. : Secondary. Series 
| ~ per second. Primary. ohms. opposition. 
| 17,300 36 34 59 
25,000 62 59 99 
33,300 105 98 154 


The resistances are plotted against the square of the fre- 


5 ; if lial | | 
P= Frimary Coit. is ee 
S = Secondary Coil. | eg | 
P+ = Coils in Series. | ale 
(opposition) | 
at os =k: 
~ I Z 
S 
S | 
8 ik =I 
@ 
< ali 3 | 
ES i all é 
WwW = 
: H 
SQ | cat + Se 
Ry | 
0 10x10® 


5x08 - 
(Frequency) 
Fic. 12.—Errective RESISTANCE OF Corts oF INDUCTOMETER. 


quency in Fig. 12, and from the mean straight lines we find 
at f=1,000 ~ per second, the following corrections :— 
Primary 0-081 ohm, 
Secondary 0-075 ohm, 
Series opposition 0-118 ohm, 
from which the impurity is 0-020 ohm. 
The same inductance was tested at a frequency of 1,600 ~ 


per second upon the modified frequency bridge, using a 1 uP 
condenser of known power-factor. The deduced impurity at 


VOL. XXXIII. CC 


352 MR. S. BUTTERWORTH ON 


a frequency of 1,000~ per second by this method was 0-0207 
ohm. 


34, Errors in Power Factor Measurements due to Imperfections 
of Mutual Inductance. 


Equation (46) may be written 
ws 0 =wsC—o/oM —uoM /P 

and since wsC is the power factor of the condenser, ws)C will 
be apparent power-factor of the condenser as deduced from 
Carey-Foster bridge observations upon the assumption of a 
perfect mutual inductance. It is seen that the apparent 
power-factor is subject to two errors, one due to impurity and 
proportional to the frequency, and the other due to the change 
of L/M with frequency, and proportional to the cube of the 
frequency. The latter error depends also on the resistances 
employed in the bridge. For the inductometer studied, the 
error due to impurity is 2-8/10* at a frequency of 1,000, and 
tends to make the apparent power-factor low, while the error 
due to the change of L/M is 0-9/10* (when P=400 ohms), 
tending to make the apparent power-factor too high. These 
values hold whatever capacity is being measured. Since the 
power-factor of a good condenser is of the order of a few parts 
in 10,000, it is clear that the Carey-Foster bridge measures the 
imperfections of its own mutual inductance, rather than the 
.power-factor of the condenser at the higher telephonic fre- 
quencies. However, by a proper use of intercapacity the 
imperfections of the inductance may be compensated, the 
compensation holding over the whole range of frequencies for 
which the eddy current and capacity effects vary as the square 
of the frequency. A method of compensating a mutual in- 
ductance for change of mutual inductance with frequency and 
for impurity has already been given in section 19. This 
compensation is suitable for a mutual inductance used for the 
measurement of self-inductance upon a Heaviside bridge, but 
when using the inductance upon a Carey-Foster bridge for 
power-factor measurements, what is required is that the 
impurity shall be zero, and the variation of L/M shall be zero. 

Let a condenser C’ connect the open ends of the inducto- 
meter. Then by equations (8), (9), (11), the change in the 
frequency coefficient of L,/M is w*C’(L,—M)(L,L,—M)?/ML, 


and the change in ¢ is 


—w°C!' {R,(L,—M)+R,(L,—M)}. 
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For the inductometer studied the values of L,, L,, R,, R2, M 
were 
L737 millihenries, Z,*=26 millihenries, = 10 millihenries, 


R,=10 ohms, R,=18 ohms. 


Using these values we find that if C’=1,100 wuF the 
change of L,/M due to C’ is +2°2/10* at a frequency of 1,000» 
per second, and this will just balance the existing variation 
of —2-2/104. Further with this value of C’ a negative 
impurity of amount 0-0175 ohm will be introduced if R, is 
made equal to 21-5 ohms, so that by adding 11-5 ohms to the 
primary coil and using an added intercapacity of 1,100 uF 
across the whole combination the corrections for this inducto- 
meter will be automatically compensated. 

The experimental work was carried out at the Nationa 
Physical Laboratory. I wish to thank a number of my 
colleagues, particularly Mr. D. W. Dye, for valuable sugges- 
tions during the course of the experimental investigation. 


DISCUSSION. 


Dr. A. RussExt said he presumed the Paper was on an experimental 
basis, as the author had mixed theory and experimental approximation 
throughout, e.g., in treating the variation of mutual and self-inductance 
due to what he terms the mutual capacity and self-capacity of the two 
coils. He thought G. A. Campbell’s method was probably not good for 
high frequencies. The author neglected skin effects. He supposed he was 
familiar with Curtis’s Paper on skin effects in parallel wires in which 
formule are given for the eddy-current losses which are fully verified by 
experiment. Did these results agree with Mr. Butterworth’s? He fully 
agreed with the author’s remarks on the Carey Foster Bridge. In the 
equation for w?C the equating of the last factor to zero is the condition 
that the phase difference between the two currents is a maximum. 

Dr. D. Owen said the Paper should prove of great value in inductance 
measurements of high precision. The first impression on reading it might 
perhaps be that alternate-current methods introduced complications: but 
this was really a measure of the great accuracy which these methods of 
measurement afforded. The Paper showed that many conditions have 
to be borne in mind in obtaining definite results ; one would like to know 
whether the effects of capacities to earth had also been kept in view. 

Mr. Atgert CAMPBELL (communicated remarks): Mr. Butterworth’s 
elaborate and thorough research will be of great value to all who are 
interested in precision measurements in which inductometers are used. 
The effects which he has investigated in general only give trouble in the 
rather extreme cases, ¢.g., at the higher audio-frequencies, or when 
extremely minute power losses are being measured (in condensers of low 
power factor). In such cases it is probably better to use a more elaborate 
form of inductometer, wound with multiple pancake coils or otherwise so 
as to minimise the capacitance effects. Such construction would, of course, 
increase the volume of the instrument and add toitscost. The inductometer 
which Mr. Butterworth has studied is of early type, in which the higher 
subdivisions are all obtained by stranding the wires. In the more modern 
inductometers of this kind the higher coils are not stranded together ; each 
subdivision consists of an individual coil separately adjusted. Stranding is 
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still employed for the lower sections where the capacitance effects are of 
much less relative importance. The methods described by the author 
for applying automatic corrections will be valuable in practice and the 
whole Paper contains much that may ultimately be of importance to the 
radio engineer. ; 

Mr. BurrerwortH, in reply to Dr. Russell, said he was unaware of the 
criticism of G. A. Campbell’s method which he had mentioned, but it was all 
right if the frequency was under 2,000 or so. He had seen Curtis’s Paper. 
As far as skin effects are concerned it should be taken in conjunction with 
a Paper by himself (at present in the course of publication), in which a 
much shorter formula was obtained. 

In reply to Dr. Owen the question of earth capacities is dealt with in a 
Paper originally included as an appendix to the present one, but to be. 
published later as a separate Paper. 
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XXIX. New Specific Heat Apparatus. By Ezer Grirvrrus, 
D.Sc. (The National Physical Laboratory.) 


Reortvep Aprin 11, 1921. 


ABSTRACT. 


The Paper is a description of an apparatus for the determination of 
the specific heats of materials such as cork, charcoal, &c., which are 
difficult to deal with by the ordinary methods. The calorimeter is a 
closed cylinder rotating on a horizontal axis. The heating coil and the 
thermo-elements project into the calorimeter and are maintained 
stationary. ‘The material under test fills about one-third of the calori- 
meter and is mixed by being carried round by the fins attached to the 
internal surface. To ensure equalisation of the temperature, the 
material is ground to a state of fine sub-division before test. 

By reducing the weights of all parts to a minimum a calorimeter of 4 
litres capacity has been constructed whose water equivalent is less than 
100 grams. The jacket surrounding the calorimeter is made of copper 
wound with a heating coil. In an experiment the temperature of this 
jacket is maintained equal to that of the calorimeter, thus eliminating 
the corrections for heat loss by radiation and convection. 


THE usual “ method of mixtures ” for specific heat determina- 
tions is simple, and gives satisfactory results when the test 
specimens happen to take the form of metallic blocks. But 
when materials such as cork, chocolate, concrete, &c., have 
to be examined, serious experimental difficulties are en- 
countered when an attempt is made to use the above method, 
so it is better to design an apparatus specially adapted to the 
workinhand. The apparatus described below was constructed 
for the study of the thermal capacity of light, bulky materials. 

Cork, charcoal, slag wool, and diatomaceous earth are 
materials extensively used for cold storage insulation, and 
it is sometimes necessary to make calculations as to the pene- 
tration of heat through a wall when the temperature of one of 
its faces is suddenly raised. 

In the course of an investigation on heat insulators for the 
Food Investigation Board, it became necessary to determine 
the specific heats of various heat insulating materials. 

An electrical method was employed, because it was desirable 
to obtain the specific heat over a narrow range of temperature. 
Heating materials, such as charcoal, to 100 deg. alters the 
moisture content of the samples, and some preliminary tests 
proved that the charcoal and diatomaceous earth on heating 
to 105°C. showed a loss of weight of 6-9 and 8-8 per cent. 
respectively, due to the water driven off. Hence, any method 
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which necessitated the heating of the sample through a wide 
interval of temperature was inadmissible. 


Description of Apparatus. 

The calorimeter (Fig. 1) was a large cylindrical vessel of thin 
sheet aluminium. It was carried on a horizontal axis, and 
rotated at-a uniform rate by an electric motor through a gear 
box. The usual speed of rotation was about one revolution 
in two seconds. 

The material, in the state of fine sub-division, occupied about 
one-third to one-half the volume of the calorimeter. Helical 
fins were riveted to the internal surface, which, by the rotation 
of the cylinder, carried the contents around, and produced a 
very thorough mixing up of the powder, 

A heating coil projected into the cylinder, and it was held 
stationary. The watts dissipated in this coil were measured 
by observations of the current and the potential difference at 
its ends. 

Temperature was measured by six thermo-junctions of iron- 
constantan wire suitably supported so as to give the tem- 
perature at various points, but the observed differences were 
found to be negligibly small. 

The rotation of the cylinder carried the material up, and, on 
reaching various heights, it dropped off the fins and fell through 
the heating coil on to the thermo-junctions. The helical fins 
were so arranged that half the set tended to carry the material 
in one direction by screw motion, and the other half in the 
opposite direction, the object being to produce mixing of the 
contents in the longitudinal direction. It was deemed ad- 
visable to assist the mixing by arranging the apparatus so that 
it would be swayed about an axis at right angles to that of the 
rotation, the effect of this beg to throw the material from 
end to end of the cylinder, 

By reducing the weights of the various parts to a minimum, 
it has been possible to construct the apparatus with a heat 
capacity of only 103 gram calories, whilst the calorimeter has 
a cubical capacity of 4,300 c.c.s. A calorimeter of this volume 
with such a small thermal capacity would have a relatively 
big heat loss by radiation and convection, if it were allowed to 
radiate to constant temperature surroundings. This correc- 
tion was eliminated by arranging the rotating calorimeter 
within a large copper drum wound with a heating coil. During 
the experiment the surroundings were heated up at the same 
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rate as the calorimeter by suitably controlling the current 
through the coil around the drum. 

Hence, during the actual experiment, the material under 
test was heated from one nearly stationary temperature to 
another, and no account had to be taken of any heat losses. 


The heating coil on the drum was made of asbestos-covered 
resistance wire, the ends as well as the cylindrical portions of 
the drums being heated. The temperature of the internal face 
was obtained by means of thermo-junctions. 


Preparation of the Materials for Test. 


These materials in their natural state are either granular 
or of fibrous structure. Consequently it was necessary to 
reduce them to a fine state of subdivision to ensure that the 
mixing up during the stirring produced uniformity of tempera- 
ture throughout the mass. The charcoal and slag wool were 
ground up in an iron mortar and the iron abraded from the 
mortar was removed by the aid of a magnet. Cork was 
somewhat more difficult, but it was found that a meat-mincer 
effectively reduced it to a,state of suitable subdivision. The 
operation of grinding had to be carried on slowly, otherwise 
the heat generated was considerable; it was, in fact, found 
that too vigorous operation caused charring of the cork. 
The moisture content of the samples was determined during 
the course of the work. 

The procedure in carrying through a test was as follows :— 
_ A quantity of the material was ground to an exceedingly 
fine powder, weighed and inserted into the calorimeter. 
This was set in rotation, and after an interval of time the 
temperature would attain a steady state. The electric 
supply was then switched on to the heating coil and a little 
previously to the jacket, the appropriate values of the 
heating currents having been determined from preliminary 
experiments. The temperatures of both the calorimeter 
and the jacket then rose at a steady rate, and adjustments 
of the supply to the jacket were made to keep them 
approximately equal. After the temperature had _ risen 
through about 15 deg., the supply was switched off and 
observations of the temperature of the calorimeter continued 
until the steady state had been reached. From a knowledge 
of the initial and final temperatures as well as of the total 
watts supplied during the run, the specific heat of the material 
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is readily calculated. Experience showed that, owing to the 
fact that the response of the jacket temperature to the heating 
coil was less rapid than that of the calorimeter, it was necessary 
to switch on and cut down the supply to the jacket about two 
minutes before switching on and off the supply to the 
calorimeter. 

The result would be that the rise and the final steady 
temperature of the jacket would correspond very closely with 


that of the calorimeter. It was, of course, necessary to 
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maintain a small current through the coil on the jacket to 
compensate for the heat lost from its surface at the higher 
temperatures. Tests and calculations were made to determine 
the small correction for the heating of the charge by the 
stirring. 

Correction was also made for the heat absorbed by the 
air in the space unoccupied by the charge in the calorimeter. 
The values of the specific heats given correspond to the material 
in the closely packed state and, of course, include that of a 


little air. 
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A typical series of observations are shown in Fig. 2. 


Specific Heat Results. 
(At mean temperature of 25°C.) 


Material. Moisture Content. Specific Heat. 
Charcoal eee aire ABO 6-89 per cent. 0-295 
Slagwool 2 saa 0 02 fe O17, 
Diatomaceous earth ... Sale 2-09 * 0235 
Baked cork (slab) Pe — 0-43, 
Granulated cork ... ... | 345, | 0-43, | 


During the course of some more recent experiments on the 
specific heats of materials used in cable insulation, the above 
apparatus was modified in several details by Mr. R. R. Strand, 
Senior Observer in the Heat Department. 

To facilitate the adjustment of the temperature of the 
calorimeter to equality with the jacket differential thermo- 


FIG.S. 


couples were attached to the surfaces of both calorimeter 
and jacket, and the method of stirring modified so that only a 
partial rotation is given to the calorimeter. The form of 
gearing required to effect this is shown diagrammatically in 
Fig. 3. The worm-driven wheel makes about one revolution 
in two seconds, and from the crank pin a string is led over the 
pulley fixed to the axle of the calorimeter. By suitably 
proportioning the diameter of the pulley and the radial’ 
distance of the crank pin the magnitude of the angular rotation 
of the calorimeter can be adjusted. 

The jacket was wound with flat nichrome tape insulated 
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by very thin micanite so as to obtain quicker response of the 
temperature of the surroundings to alterations in the energy 
supply. 

In this particular calorimeter the heating coil was made of 
a flat, open grid of platinum wire occupying the diametrical 
plane. This coil was also the thermometer. 

Initially a minute current was passed through the coil and 
the potential difference at its ends compared with that at the 
terminals of a standard coil connected in series with it. This 
gave the initial temperature rise of the calorimeter due to the 
stirring alone. The connections were then switched over to 
the heating supply circuit and the watts dissipated in the 
heating coil measured in the usual manner. Finally, the 
connections were switched back to the thermometer circuit 
and observations taken until the final equilibrium temperature 
had been attained. The advantage of the resistance ther- 
mometer is that it gives the average temperature over the 
area occupied. 

We wish to thank our director, Sir Joseph Petavel, for his 
kind interest and encouragement. 
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XXX. On Encounters between Non-spherical Gaseous Mole- 
cules. By A. O. Ranxine, D.Sc., Professor of Physics 
in the Imperial College of Science and Technology. 


Recetvep Aprin 14, 1921. 


ABSTRACT. 


This Paper is an extension of the author’s previous work on molecular 
dimensions and structure derived from the combined data of the 
kinetic theory of gases and of X-ray crystal measurements (Proc. 
Roy. Soc., A. Vol. XCVIIL., p. 360). The cases previously considered 
have been confined to molecules built up of atoms all of equal size. 
In this Paper this limitation is removed, and unequal atoms are contem- 

lated, 
Re The results arrived at cover all cases of diatomic molecules and 
certain special cases in which the molecules are polyatomic. It 
will be possible to test their validity when the appropriate viscosity 
data become available. 


1. In dealing with the kinetic theory of gases it has hitherto 
been the almost invariable custom to regard the molecule 
as spherical, although it is well recognised that, except for 
monatomic molecules, this is unlikely to be true. The reason 
for this has, no doubt, been lack of information from which 
to assign probable shapes to molecules consisting of more 
than one atom. Recently the situation in this respect has 
changed, and the developments of the Lewis-Langmuir * 
theory of molecular constitution have provided good grounds 
for specifying the comparative sizes and shapes, not only 
of atoms themselves, but also, in many cases, of the molecules 
they form by combining with one another. Added to this, 
the dimensions in question have been reduced to a quantitative 
basis by W. L. Bragg’s + deductions from X-ray crystal 
measurements, so that we are able to state with some con- 
fidence the actual distance apart of the centres of two atoms 
which are in chemical combination. 

It has already been possible to apply this new set of data 
usefully to the kinetic theory. For example, a chlorine 
molecule, on the Lewis-Langmuir theory, is conceived to be 
an arrangement of electrons nearly identical in shape with 
that obtained by placing two argon atoms so close together 
that their outer electron shells are touching one another. 


* J. Langmuir, Journ. Amer. Chem. Soc., XLI., p. 868 (1919). 
+ W. L. Bragg, ‘* Phil. Mag.,”? Vol. XL., p. 169 (1920). 
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The author* has been able to show that two such atoms, 
with this degree of proximity, may be expected to behave, 
from the point of view of the kinetic theory, as a molecule. 
of chlorine in fact does. On the same lines it has been proved 
that molecules of nitrous oxide and carbon dioxide both 
behave kinetically like hypothetical molecules each consisting 
of three neon atoms with their centres equally spaced on a 
straight lme and with outer electron shells contiguous, thus 
affording further support to Langmuir’s conclusions derived 
from other considerations. 

In all these cases, however, the molecules dealt with have 
been constituted of atoms of equal size. It is the purpose 
of the present Paper to extend the theory so as to include 
molecules containing unequal atoms. Unfortunately, there 
exist at present no reliable viscosity data by means of which 
to test this new extension, so that its application must await 
the results of further experimental investigations. 

2. According to the kinetic theory of gases the atoms of a 
monatomic gas behave, when in thermal agitation, like hard 
elastic spheres, which exert slight mutual attraction on one 
another and frequently collide. S. Chapmany has shown 
that this model of the atom, viz., a hard attracting sphere 
of radius o, gives, for the monatomic inert gases, results 
which are very closely in accordance with experiment. His 
formula giving the magnitude of o is, apart from a negligible 
term, 


ee 6°49190 
V2vu(1+S/T) ” 


(1) 


where p=gaseous density, U=mean molecular velocity, 
v=number of molecules per unit volume, p=viscosity, 
S—Sutherland’s constant, and 7=absolute temperature. The 
quantity zo”, it will be noted, is equal to the area of any and 
every central section of the molecule, which is supposed to be, 
in this case, spherical. a 
The measurement of the viscosity of the gas, and its variation 
with temperature (which determines Sutherland’s constant), 
thus enables us to evaluate ao? for monatomic molecules.. 
In reality, what we find is the area which the molecule presents. 
as a target for other molecules approaching from all directions... 


* A, QO. Rankine, Proc. Roy. Soc., A., Vol. XCVIIL., p. 360. 
+ S. Chapman, “ Phil. Trans.,” A., Vol. CCXVL, p. 279 (1916). 
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It is permissible to apply formula (1) to molecules which 
are not spherical provided that we interpret zo? as being 
an average area, A, which measures the mean target area 
presented by the molecule for all possible orientations. But 
we can go no further in the investigation of the molecular 
dimensions until we know how the constituent atoms are 
arranged, 


3. If, as is evident from Chapman’s work, single atoms 
behave in collision like hard spheres of definite radius, it is 
reasonable to suppose that when in chemical combination 
they preserve this property of apparent hardness. To a 
first approximation, also, we may continue to regard them 
as spheres. No doubt there are distortions, but there is no 
obvious way of estimating their extent, and we will, therefore, 
leave them out of account at present. According to this 
view we may picture a molecule as an assemblage of hard 
spheres arranged in a definite manner, and presenting, 
according to aspect, different target areas. Our purpose is 
to calculate the mean value of this area from all possible 
directions. It is evident that the problem cannot be treated 
conveniently by means of a perfectly general case. Hach 
alteration of the number and size of the constituent spheres, 
and each variation of the positions of their centres, develops 
a new special case which is best examined separately. I* have 
already given the solution for a molecule consisting of any 
number of equal spheres with their centres equally spaced 
on a straight line, and have applied it with success to actual 
molecuies whch probably have that form. The present 
extension consists of examining the new case where the spheres 
are of unequal radu, but still have their centres disposed 
rectilinearly, so that there is an axis of symmetry. This 
arrangement is necessarily the only possible one for all of 
the numerous diatomic molecules, such as, for example, 
Isle 0 

4. Let us consider first of all a molecule consisting of two 
hard spheres of radii o, ando,(c,>0,), the distance between 
their centres being 2d, as indicated in Fig. 1. The evidence 
so far available from X-ray crystal measureinents (which 
enable us to specify O, O,) is that the centres of atoms in 
chemical compounds are so close together that the hard 
spheres to which the atoms correspond overlap to some 


* Loc. Cit. 
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extent. In other words, 2d is never greater than o3+0p. 
For this reason the present calculation is limited to values 
of 2d between o,+0, and o,—oy, #.e., to the range between 
external and internal contact of the spheres. 


Fre... 


The axis O, O, of the molecule may have all possible 
orientations distributed at random. Let Fig. 2 represent 
the parallel projection in a direction making an angle 6 with 


Fig. 2. 


the axis. O, and O, are projected into O,’ and OQ,’ respec- 
tively, and we have the relation 0,'0,’=0,0, sin 6, or, 


20a SIN Ge ue eae ip AO) 
If the angles 9, and 9, are as indicated, we also have 
Cee i 05 OI Os we ee (8) 
and 
a1 008 91+, 008 9,=20,. . . . . (4) 


which, combined with (2), gives 
01 COS @1+0, 008 9,=—2dsinf. . . . . (5) 


The expression for A, the area of the projection, depends 
on whether the smaller sphere is completely eclipsed or not 
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by the larger sphere. For values of 0 from zero to 6), given 
by the relation 


ain Opes, ey ome BO) 


A is equal to zo? simply, because the small sphere is com- 


pletely covered. Over the remaining range from 4, to ee a 


variable crescent appears in addition. The area of this 
crescent 1s 


10° —64"(1— COS 94 SIN 91)—o4"(Py— COS Gy SIN Op). 


Now, since the axis 0, O, is oriented at random, the angle 0 
occurs with a proportional frequency sin@.d0, so that 
the mean area of projection for all possible orientations is. 
given by 


Ae mo,” sin 6. do+} {10 o2— 6 12(91—COS 9, SIN $4) 
) " Oo 
—o57(p.— GOS Op SiN g9)} sin 6.d0. . . (7) 
Partial integration reduces this to the form 


7 
2 
Z 


= 2, 
ieee (c oy 11g o>» 22 Neos 8 dO-- cata 
6 


+o," cos , Sin 9.) sin f.d0, . (8) 
which may be written, for the sake of brevity, 
AS=ne 2ST) Oe eee 
Elimination of 9, and 9, from J and J by means of equations 
(3) and (5) gives 


nw 


2 


J=$)] {40,20,2—(4d? sin 20—o,?—o,”)*} sin@.d6, (10) 
9% 


and 


aie —4d?(o,?+6,7) sin?6} cos?6 . d0 
ido C = 


(4d? sin?6—o,’—o,”)*} #sin 0” Gi) 


% 


The quantities J and J can be expressed in terms of complete 
elliptic integrals by means of the substitution 


cos G=cos. 0, con pis a ey 
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With this transformation we obtain 


S 2 eos2f, . + 
J =2d cos? heey ( Peal sin’) sin’y .dy. (13) 
0 af ar 
B ont 
Or, writing = pce which is less than unity over the 
219% 


range o)-+a,>2d>0,— «, contemplated, 


9) 3 : 
jateseal | kK? sin?y(1—ksin?y dy. . . . (14) 
d Jy 
2) 
= 97 (ORDER) +B )F AB} 


where q is written for d/V/o,o, and F,(k) and %,(k) are the 
complete elliptic integrals of argument k, and of the first and 
second orders respectively. 

With the same substitution (12) the quantity I takes the 
form 


(oy°—a,")?cot*6, [2 cosy . dy 
4dV 0405 o (1+cot?4,sin?y) A(y) 


(ox + on)V e179)” ke cos? y.- dy (15) 
d 0 A(y) 
where A(y)=(1—/? sin?y)?, & having the same value as 
previously. If we write n—cot?6, and integrate, we obtain 
Opt o52)? 
1 2 


yee {(n L1H, (n, k)\—Fy(h)} 


490405 
2 2 
—7 28 {Bk RIF}, (16) 
where FI,(n, k) is the complete elliptic integral of the third 


order. The expression for A in (9) therefore becomes, using 
(14) and (16), 


2 
| Anno ft +=" (8 (h)—(1—-B)F (B) 


gear 1)E,(k) +2) (b)} 
(o,2—0,2)? 
( Dre) Games k)\—F(k)}. (17) 
goige 
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Dividing both sides by zo,2, and writing p=2/c,, so that 
ip <=, 


A Pp 1 2 (9.2 \ 
4H EL te Hee) 


-ron{e-e a) 
(Ee? 
4cpq 
5. This expression enables us to evaluate the ratio of the 
mean collision area of the two spheres relative to that of the 
larger one only, for all values of 1,02 and d within the limits 
specified. In the special case when the two spheres are 
equal, p—1, so that the last term vanishes. In that case, also, 
q=d/V o47,=4/o, and 0) now being zero, k=d/o. For two 
equal spheres there thus emerges the equation 
AH 5 {Fee +). Fy) 


{(n+1)a,(n, b)—F i(k); . . (18) 


1+ 5 (1+ RE, )—(1/k-R)F() 
of si gy, 6 eh ae nae | a ate SRS) 


which is the expression obtained previously and mentioned 
earlier. 

It is worth noting that it provides the solution for any 
number of equal spheres which successively overlap one 
another, whether their centres are equally spaced or not. For 
clearly the excess over unity, 7.e., X, is the contribution to the 
mean area due to the crescent formed by the variable over- 
lapping of the two spheres. If there are N equal spheres 
arranged on a straight line, there will be N—1 such crescents, 
and, in order to find A/zo*, we have merely to add extra 
terms of the same type as X. Thus, for V spheres 


A foo* to ee ee ee +Xiy_—1yw)- (20) 


In this expression X,,, for example, represents the contri- 
bution of the crescent formed by the third sphere overlapping 
the fourth, and in each such term the appropriate value of k 


must be inserted. Thus, in X3,,, the value of k is dave where 
o 


2d3,4 equals the distance between the centres of the third and 
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fourth spheres. If all these distances are equal, i.c., if the 
spheres are equally spaced, 


Ajne®=1+(N—-1)X ..... (21) 
for all the crescents have the same area for the same orienta- 
tion. 

_6. This specialised aspect of the subject may, with little 
difficulty, be made quite general, so as to include cases in 
which 2d>2c. Thedifference introduced is that the integra- 
tion has to be subdivided into two stages in which the pro- 
jections do, and do not, overlap ; otherwise the process is the 
same, and need not be repeated in detail. The result for two 
non-overlapping spheres of equal size proves to be 


rare 
a1 |Get!) “i a) rye} 
sea eas a Oe te es hy FLY yar (22) 


In this case = <1, and it will be noted that the expression 


differs from (19). The limiting value is 2, as we should expect, 
when c=0, 1.e., when the diameters of the spheres are negligible 
compared with their distance apart, with the result that the 
effect of overlapping is inappreciable and each sphere makes a 
contribution zo? independently to 4. When the spheres are 
just in contact, in which case e=7=1=-=h, (22) reduces to 


the same value as (19), viz., Ite. 
7 


We may deduce the value of ea for any number of non- 
TUT 


overlapping equal spheres in precisely the same way as in- 
dicated in the last paragraph, and obtain 


A : 5 
aga tt (Y nat Yaa t Vout ye el aepw) 2 (23) 


with the appropriate values of c introduced. Or we may havea 
mixture of overlapping and non-overlapping spheres, and 
therefore use in the summation an X or a Y expression accord- 
ing as d/o for the pair of spheres in question is less or greater 
than unity. 

7. Returning now to the general case of two unequal spheres, 
as expressed in equation (18), we have to transform the last 

DD 2 
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term for purposes of calculation. Tables for the third order 
complete elliptic integrals, T1,(n,%), are not available, but these 
functions can be expressed, as is well known, in terms of com- 
plete and incomplete integrals of the first and second orders. 
The required relation, given by Legendre, is 


(1—bsin?6,)? 
sin 6, cos 0, TO yom Oy 


—E,(k)F(b, 09) +-F (4) {F (6, 9) —E(6, )}, - (24) 
where b?=1—k?, and F(b, 0,) and E(b, 6,) are, respectively, 
first and second incomplete elliptic integrals of argument b and 
amplitude 6). The insertion of this relation in the last term 
of (18), together with application of the connections between q, 
p, n, and 0, gives the result 
A ee at 2 (2k? 

A ae ae {L/p+pt-§(2k?—1)} By (k) 


gt, SID Oy 


(1—b? sin26,)#F ,(k) 


JET y 


(1-2) p+ BF) | 


1—v? 
~ ot [ 3 4-F.) LF 0,4)—B0, 6,)} 7. E,(k) #66.) | 


(25) 
Thus the expression is obtained in terms of functions for 
which tables are available. We may write (25) as 


A 

Aa LSD oie i eee 

ae Z x) (26) 
where Z represents the contribution to the mean area—in 
terms of zo,’—of the variable crescent (Fig. 2) formed by the 
overlapping of sphere 1 over sphere 2. I have calculated Z 
for seven values of the ratio p=, ranging from unity to 0-4. 

oO 

This lower limit has been adopted because there is no evidence 
for the existence of relatively great differences of dimensions 
of molecules commonly in the gaseous state. The greatest 
and smallest atcms for which reliable estimates have been made 


are xenon and helium respectively. For these atoms the 
; . 0:96 : ‘ 
ratio 2 is 1767 035 Possibly the hydrogen atom is some- 
1 
what smaller than that of helium, but not to such an extent 
that it would be outside the limits above mentioned. The 
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range of calculation is in each case for values of Oo = 
Voy, 

lying within limits determined by o1+0,> 2d>0,—c,5, or 
extending from external to internal contact of the spheres. 
The results are shown graphically in Fig. 3. From these 
curves, if necessary by interpolation, the values of Z can be 


EHH MEAN COLLISION AREA of DIATOMIC i 
| crt im PA Erg a 
HoH == MOLECULE. [EH 
0-8 EERE REE EEE EEE Et H 
d.=distance between atomic centres Hit} 
FEE 
Hoyo, atomic radii, or sox. Fer 
souaUen GeSROeRee SBRSSeEaaR5R5 ave 1 t 
A =mean collision area. i apa 4 ran He f 
eee ETH A TAT 7a Ao 
0-6 eesseeesseeeenet = yeneans: Seeeeeumeea 
asasesaeeraeerset eseeee ara EE 4 
H 4cgnesces6 4eeeneeene igaesas! 
eH ot 
- Curve 
A = 1 numbers 
ito-* cH indicate 
Yer 


0 e102 06. OA “ILO 


Toe 


Hie. 3 


obtained which correspond to specified values of d,o, and 5. 
Or, conversely, we can derive g from given values of Z, and 
hence determine d if o, and oc, are known. 

8. With reference to these curves, there are several points 
of interest. For the particular case when p=1, equation (19) 
applies, and g=d/o=k. The curve could be extended for 
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values of k greater than unity by means of formula (22), and 


san Sh) would reach unit value asymptotically at k=o. For 
TUT 


the other curves the corresponding extension has not been 


worked out—.e., we have no values for g> yee . Butthe 
4 o 
general courses which must be followed can be readily seen. 
For whenqis very great, the effect of overlapping arises from 
a very small proportion of the possible orientations, and 
becomes negligible. Thus, A approaches the limit 2o,?+-70,", 
or Z=p*. Each curve, therefore, reaches asymptotically the 
value p*; for example, when p=0'5, Z becomes 0°25 at 
q=o2 5 
The use of this diagram is not limited to the model of two 
overlapping spheres. It also provides very simple means of 
solution in a large number of more complicated cases, such as, 
for example, that indicated in Fig. 4. Here there are two 


Fic. 4, 


exactly similar bulges, one on each side of the large central 
sphere, which make equal and independent contributions to 


the mean area of projection. Thus 


5 —1 becomes equal to 
MO 1 


2Z. More generally, if there are three spheres, all unequal, 
but rectilinearly disposed and successively overlapping, with 
the largest sphere occupying the middle position, we have 


A 
By Ey AU ret ee 


. TUT 
where Z,,, and Z,,, are the mean areas of the crescents formed 
by the overlapping of the largest sphere 1 over the outer smaller 
spheres 2 and 3 respectively. In Z,,. and Z,,g, of course, the 
proper values of g and » must be used. 
There are other examples of extensions of this simple nature. 
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The simplicity appears to depend on two conditions—viz., 
(i.) the straight row of spheres must continually (but not 
necessarily uniformly) decrease in size as we pass from the 
largest one, either in a single direction or in two opposite direc- 
tions, although, in the latter case, the decrements need not be 
equal on the two sides ; (ii.) the spacings of the centres must 
be such that the successive total eclipses, which occur as the 
model is rotated towards the line of view, take place in the order 
of the sizes of the spheres, beginning with the smallest—i.e., 
the outermost. With these conditions we can express the 
mean area of projection of the model, however many spheres 
it contaims, by means of a series of independent Z’s, each of 
which is obtainable from the curves in Fig. 3. 

9. A typical case in which these rules are departed from 
is shown in Fig. 5. Here we have a small sphere interposed 


{af 


Fie. 5. 


between two larger ones, and at a certain orientation its pro- 
jection is completely covered by the two outer projections 
taken together, and not by each independently. The result 
is that Fig. 3is no longer applicable. For it becomes necessary 
in evaluating A to separate the integration into two stages 
which are not the same as those previously used, and the 
elliptic integrals obtained are not complete, as they are in (18). 
The formula is much more unwieldy, and its reduction to 
arithmetic much more laborious. It is not proposed, there- 
fore, to deal here with cases of this type, except to say that the 
solution is derivable by the methods indicated, and that it can 
be applied numerically in special molecules suspected to have 
such shapes, and for which the necessary data become avail- 
able. 

10. It remains to consider for what actual molecules there 
is a reasonable prospect of obtaining the viscosity data for 
testing the applicability of the foregoing theory. Measure- 
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ments of viscosities at high temperatures are of great difficulty, 
and it is necessary to confine attention, for the moment at any 
rate, to chemical compounds which are ordinarily gaseous, or 
at least fairly volatile. It immediately appears that nearly 
all such molecules which satisfy the conditions—i.e., have 
unequal atoms—have hydrogen as a constituent. 

We have, in the first place, the group of hydrogen halides 
HF, HCl, HBr and HI, all of which are gaseous at ordinary 
temperatures. Following Lewis and Langmuir, these may be 
regarded as systems in which the single electron of the hydro- 
gen atom has completed the corresponding inert gas arrange- 
ment of outer electrons around the halogen nucleus, the 
hydrogen nucleus occupying an external position. Thus, for 
example, HCl may be pictured as having the shape of the argon 
atom with the hydrogen nucleus as a protuberance. The 
work of W. L. Bragg and H. Bell* has recently provided 
information regarding the distance between the nuclei of the 
hydrogen and the combined halogen, it being obtained simply 
by adding 0-26 10-' cm. to the radius of the outer. electron 
shell of the corresponding inert atom. But we do not yet 
know the correct way of regarding a single hydrogen atom 
from the point of view of molecular collision, smce monatomic 
hydrogen is not available for viscosity measurements. If we 
may proceed upon the tentative assumption that it is spherical, 
a knowledge of the mean collision areas of the hydrogen 
halides deduced from viscosity data, in conjunction with the 
foregoing theory, will enable its magnitude to be estimated. 
That is to say, treating the halogen atom as a sphere having 
the collision radius (o,) of the corresponding inert atom, and 
the hydrogen atom as an overlapping sphere of radius (04). 
A determines the value of o,(Fig.3). If this radius o, proves 
to be the same for all the hydrogen halides, it will indicate 
that the hydrogen protuberance behaves in molecular collis- 
sions as though it were spherical. The proportion of the 
mean collision area of a molecule attributable to a constituent 
hydrogen atom will thus be available for application to other 
cases. 

There is also the group H,O, H,S and, possibly, H,Se, for 
which the necessary viscosity data should be obtainable. The 
water molecule is conceived by Lewis and Langmuir as a neon 
arrangement with two hydrogen nuclei, presumably on 


* W. L. Bragg and H. Bell. Nature, March 24, 1921. 
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opposite sides. In the H,S molecule the arrangement would 
be the same, except that argon replaces neon, and in H,Se 
the central configuration would be that of the krypton atom. 
All these are of the type indicated in Fig. 4, and, if we know 
the collision size of the hydrogen atom, Fig. 3 gives the theo- 
retical mean collision area of the molecule in the manner 
already described. We should expect, for example, that the 
mean collision area of H,S would be greater than that of 
HCl by the same amount as the mean collision area of HCl 
itself is greater than that of argon. 

Yet another interesting group deserves consideration— 
namely, NH;, PH;, AsH; and SbH;. Presumably these have 
the external electron arrangement of Ne, A, Kr, and Xe 
respectively, with three hydrogen protuberances in each case. 
We may therefore regard each as a large central sphere with 
three smaller overlapping spheres attached, or rather, as 
behaving as such in molecular collision. This model is not 
strictly included in the above theoretical treatment, but it is 
clearly possible for the hydrogen spheres to be relatively so 
small and so disposed round the central one that they never 
can eclipse one another, except when the central sphere is 
also doing so. In that state of affairs—possibly reached in 
SbHs, where the central sphere has the large size of xenon— 
the contributions to the mean collision area by the hydrogen 
protuberances would be independent of one another. We 
should thus expect that the mean collision area of SbH, would 
be in excess of that of xenon by three times the excess of HI 
over xenon. For earlier members of the group, such as NHs. 
this condition would probably not hold, and, owing to the 
effect of additional overlapping, the mean collision area should 
prove to be somewhat diminished. Until the effective collision 
radius of a hydrogen atom is known, one cannot estimate to 
what extent this would be the case. 

There are, finally, the gaseous compounds of carbon and 
hydrogen. Nearly all of these probably have molecular shapes 
which are much more complicated than those contemplated 
in this Paper. In order to deal with them, further investiga- 
tions of a theoretical nature will be necessary, and the analytical 
treatment is likely to prove very unwieldy, and perhaps even 
insoluble, owing to the removal of the simplification arising 
from the existence of an axis of symmetry. It seems probable 
that graphical methods will provide the most promising mode 
of attack. 
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Suitable molecules containing no hydrogen are very scarce. 
Sulphur dioxide and carbon bisulphide appear to be the only 
likely ones. The former is supposed to have the shape of a 
central argon atom with two neon atoms attached ; the latter 
corresponds to a central neon atom and two outer argon atoms 
arranged as in Fig. 5. The validity of both these postulated 
models can be tested when the appropriate viscosity data 
become available. 

11. In conelusion, I wish to express my thanks to Dr. H. 
Levy, of this College, for valuable hints regarding some of the 
mathematical aspects of this work. 


DISCUSSION. 


The author added that since the Paper was communicated, very satis- 
factory progress has been made in the Imperial College Physics Laboratory 
with the measurements of the viscosities of several gases to which the theory 
in the Paper would apply, including the group HCl, H,S and PH;. The 
derived molecular dimensions pointed to the probability that the hydrogen 
atoms, instead being at equal distances from the central nucleus in all 
these compounds, became more and more remote as their number increased. 

The President, Sir W. H. Braaa, said he thought the idea that the hydro- 
gen atoms were more widely separated in the more complex molecules was 
involved in a recent Paper by Sir J. J. Thomson. It may be possible to 
get at this by X-ray spectroscopic examination of some organic compounds. 
The molecules of some of these compounds must be very empty ; in naph- 
thalene for example, the hydrogen atoms probably act as bridges between 
the carbon atoms, so that it may be possible to get at the size of the hydrogen 
atom by X-ray methods. 
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ABSTRACT. 


The problem is that presented by a number of fine parallel wires at 
the same height above the ground—treated as a plane surface—all 
charged to the same potential. 

The chief object is to investigate how the potential gradient at ground 
level depends on the height and spacing of the wires. A second object 
is to find how the potential gradient varies with the height above the 
ground. The cases of a finite and an infinite number of wires are 
considered. 


§1. THE problem considered is two-dimensional, being that 
presented by fine parallel wires at equal intervals 2a apart, 
all at the same height h above the ground, and at the same 
electrical potential. 

The electrostatic potential due to a single infinitely long 
wire in an infinite medium is A log, 7r, where r is the distance 
from the wire, and A is a constant, proportional to the 
electrical charge per unit length of the wire. 

In practice the earth must be treated as a conductor at 


zero potential. The figure is intended to represent a vertical 
plane perpendicular to the length of the wire, P being the 
section of the wire, and Oz in ground level. To maintain 
zero potential along Oz, we require a distribution of electricity 
on the ground, equivalent so far as points above ground 
level are concerned to a second charged wire parallel to the 
first, and at an equal distance from Ox. The charge per unit 
length of this image wire is numerically equal but of opposite 
sign to that in the real wire. In the figure P’ represents the 
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section of the image wire, PP’ being perpendicular to Ox and — 
bisected at VN. The electrical force at O is the resultant of 
A/r along PO, and A/r along OP’. The resultant is thus 
vertical and equals 2 Ah |r, or 24h, I(u?-+-h?), where c=ON. 

In an electroculture area there are a large number of 
parallel wires, each contributing to the vertical force at 
ground level. Let us suppose that the charge on any one of 
the more remote wires instead of being concentrated on the 
wire is uniformly distributed over a horizontal width a on 
either side of the wire. If this hypothesis is made for each of 
the more distant wires, we have a surface charge of uniform 
density at height h, extending from 2,—a to x')+a, where 
v) and w, are the horizontal distances from O of the nearest 
and the furthest of the wires to which the hypothesis extends. 
The vertical force at O contributed by these more remote 
wires is then, according to the hypothesis, replaceable by the 
integral 

Xy +a 
i Soe a ee 
2-4 a h?+-a? 


xf it g ans 
The value is thus (A/a) (tana “9 oe tan~ = 5) Pe 
; 


(A/a) (tana aban ag) ete) 


The expression inside the bracket obviously represents the 
angle subtended at O by the hypothetical distribution. 


§2. Comprehension may be aided by discussing a particular 
case. Suppose, then, we have in all 21 wires, and wish to 
find the force under the central wire at ground level. The 
origin being supposed under the central wire, the horizontal 
distances of the 10 wires on one side are 2a, 4a... 20a. 
Hach of the 21 wires has an image. The resultant vertical 
force at the origin due to the whole 42 wires, real and 
imaginary, is easily seen to be 


2A t 1 1 
| 14:2{ 54 me cae! 
h 1+Qa/h? * 14(4a/np 1-F(20a/h)2) 

It is easy evaluating this for any convenient value of h/a. 
If, for ara h=2a, we aw ia to sum 


1 an iE 
—| 14 | _ - 
mbes Green oie a ee eaaredl 
To four decimal places, this is (A/a) x 2-9636. 
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The contribution from the 10 most remote wires—five”on 
either side—viz., 


CATA S ewe ie ie 1 
(staat aol, 


Suppose, however, that instead of regarding the charge 
as concentrated on these outside wires, we distribute it 
uniformly. It will then cover a patch on either side extending 
from z=lla to #=2la. Taking the contributions from 
both patches, from the integrals we get 2(4 /a)[tan-1(21a/h)— 
tan *(11la/h)] or 2(A/a)[tan-110-5—tan—5-5], The angles, of 
course, are supposed to be in circular measure. But we have 
only to multiply by 0-017453 the angles as expressed in 
degrees in an ordinary book of logarithms, where we get 

tan~110-5=84°33’-58=84°-560, 
tan-15-5=79°41’-71=79 -695. 
Thus the contribution from the integral is 
2(A Ja)4-865 x 0-017453, or (A/a) x 0-1698. 

It is, of course, more accurate and quite as easy in this case 
to obtain the contribution from the 10 outside wires direct 
from the series as has been done above. But our immediate 
object is to illustrate the integration method, and show its 
accuracy. 

The ultimate object of the integration method was really 
to bring the case of an infinite number of wires readily within 
our reach, with an accuracy sufficient for practical purposes. 
Suppose, then, we have obtained a result for 21 wires, and 
wish to find the addition to be made to this when the number 
becomes infinite. Taking the integral with the superior and 
inferior values of x as o and 21a respectively, we have for 
the sum of the contributions from both sides 

2(A/a){tan~? co —tan~411-5} =(A/a) x0-1899. 

The use of the integral increases in accuracy as the inferior 
limit of x increases. When the inferior limit was lla the 
error, as we have seen, was less than 4 per cent. With an 
inferior limit of 21a the accuracy will be much better, and we 
may feel assured that while the result (A/a) x0-1899 obtained 
above may not be accurate in the fourth decimal place, it is 
exact enough for all ordinary practical purposes. Adding it 
to the result (A/a)(2-9636) obtained above for the 21 wires, 
we obtain for the force at ground level directly under a wire 


equals = x 0-1690. 
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of an infinitely extended electroculture area, having h=2a, the 
value (4/a)(3-1535). It is hoped that this will sufficiently 
explain the analytical methods employed in calculating the 
force at ground level. The only difference in the procedure 
when the force is calculated for a point midway between two 
wires is that the estimate is made in the first instance for the 
nearest 20 wires. The contribution from the more remote 
wires on either side when their number is infinite is derived 
from the result of integration, viz. (24 /a)(tan~? 0 —tan~!20a/h). 

§3. The vertical force could easily have been calculated at 
a number of different heights above ground level, but it 
appeared sufficient to calculate it at the half-height of the 
wires, and to obtain in addition its mean value between this 
height and ground level. The vertical force at height h/2 
due to one wire at horizontal distance x and its image wire is 


h/2 3h/2 . 
2 Be AP awe ie © (3) 
cae ae +(h/2)? © a+-(3h/2)? J 
Putting v=o, 2a . . . or else y=a, 3a . . . we get results 


applicable to a point directly under a wire or midway be- 
tween two wires. 

When the point is immediately under a wire the correction 
to allow for the difference between 21 wires and an infinite 
number 1s— 

(A /a)(0-017453) {180—tan-1(42a/h)—tan-1(14a/h)} , 
the angles being expressed in degrees. 

For a point midway between two wires the allowance for 
the difference between 20 wires and an infinite number is 
similarly— 

(A /a)(0-017453) {180—tan-1(40a/h)—tan-(13-3a/h)} . 

§ 4. If V, denote the potential at height z, the vertical force, 
numerically considered, is une Thus the mean value of the 
force between ground level and the height h/2 is— 

Vajo+(h/2), 
where Vj/2 represents the potential—which varies of course 
with «—at the height h/2. 

The potential at a height h/2 in the vertical through the, 
origin, due to a single wire at a horizontal distance x and its 
image combined, is— 

a x +-9h?/4 
(4/2)log, PLR/4 se en aes (4) 
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Thus, for the potential at height h/2 directly under the 
central wire of a series of 21 we have, when h=2a— 

13. 25 45 73 109 153 

Vijo=tAlog,10 [ tes 9+2{ log BS 17% 37% 65 * 101 * 145 
205 265 333 409, . 
*197 < 957 395“ 401 f per ey 

All the logarithms inside the square bracket are to base 10. 
The separate factors 13/5, 25/17, &c., represent the contri- 
butions from the successive 10 wires (and their images) on 
each side of the central wire. 

An allowance is easily made for the more remote wires. 
The contribution to Vj). from a single wire and its image as 
given above in (4) may be written 

(A/2) flog.{1+-9h?/4a:7)—log,(1-+-h?/4a?)} . . (6) 

Expanding in powers of #/x, and retaining the two first 


terms, we get— 
h? 5 hA 
A(a-4n} A Re eal Sy 
Now, suppose, as before, the charge spread over a width 2a 
for each of the more remote wires, then for the contribution 
to the potential from the remote wires on one side of the origin 
we get from (7)— 


[dem (a-4 eet! Ae Bee 


where x, and x,’ have the same significance as in (2). 
Doubling the result of the integration, viz.— 


(an ret 


taken between the limits, we get the contribution to V;,,. 
from the more remote wires on both sides of the origin, and 
dividing the value of V;,,2 so found by h/2, we get the mean 
value of the vertical force between ground level and the 
height h/2. 

As an example, suppose we have found the mean force due 
to the nearest 20 wires up to height h/2, midway between 
two wires, and wish to find the addition to be made when the 
number of wires becomes infinite. The limiting values of x 
in the integral are 20a and oo, so its value, when doubled and 
divided by //2 is simply 


= {saa—13 (ssa) } = Wales Gar eh 
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Unless h/a is large, the first term gives quite a good approxi- 
mation. When h=2a we have (A/a)0-2(1—1/240)=0-19924 /a. 


§ 5. The original investigation had two objects in view :— 


1. To ascertain whether an experimental station with only 
a few wires could supply information likely to be of practical 
service. 


2. To ascertain the spacing of wires appropriate to electro- 
culture areas. 

Obviously if the wires are far apart, and near the ground, 
the potential gradient at ground level will be much higher at 
points under a wire than at points midway between wires. 
Ifa very high potential gradient were injurious, and a moderate 
gradient beneficial, we might have improvement of one part 
of the crop neutralised by injury to another. It should at 
least facilitate drawing conclusions, as to the merits of electro- 
culture, if an approach to uniformity of conditions is secured 
throughout the area. 


In the original calculations a number of values of h/a were 
considered, but here results will be given mainly for three values 
only, viz., 1, 2 and 4, as these sufficiently illustrate the main 
features. 

Table I. contrasts the exact results obtained from the series 
or the logarithms with the approximate values obtained by 
integration for the contribution to the force arising from the 
most remote 10 of a series of 21 or of 20 wires. It is confined 
to the values of the force at ground level, and to the mean 
values of the force between ground level and the half-height 
of the wires. 


TaBLe I.—Force due to the 10 most remote wires (Coefficient of A/a). 


Force under central wire when 21 | Force midway between central | 


wires. wires when 20 wires. 
At “ ground Mean up to At “ ground Mean up to 
level.” h/2 level.” h/2. 
\h/a B By B 


y By 
True. | Integral.) True. | Integral.) True. | Integral.| True. Ieee 


1 | 0-0857| 0-0861 | 0-0857| 0-0860 | 0-0989| 0-0391 | 0-0988 | 0-0993 | 


| 2 | 0-1690| 0-1698 | 0-1682| 0-1689 | 0-1944| 0-1954 | 0-1933 0-1942 | 
| 


4 | 03198) 0-3211 | 0:3148] 0:3120 | 0-3646| 0-3662 | 0-3581) 0-3533 


The difference between the exact and approximate values 


AN ELECTRO-CULTURE PROBLEM. 383 


for a given value of a increases, as was to be expected, with the 
value of h. But even for h/a=4 this difference is a very 
insignificant fraction of the force due to the nearest 21 or 20 
wires. For higher values of h/a it would be an improvement 
to extend the exact calculation to a larger number of wires 
than 21 or 20, especially when considering the force or potential 
at heights above ground level. 

The principal object of calculating Table I. was to show the 
degree of accuracy attainable by the approximate methods of 
integration. 

Table II. gives the results obtained, when the number of 
wires is infinite, for the force arising from all more remote 
than the nearest 21 or 20. These results being obtained by 
the integration methods, are all approximate. The accuracy 
to be expected is considerably higher, however, than for the 
corresponding integration results in Table I. Fora given 
value of a the accuracy will naturally diminish as h increases. 
Also the numerical value of the contribution from the more 
remote wires varies approximately as h when a is constant. 
It is roughly independent of the height above ground level, 
so long as the half-height of the wire is not exceeded. 


TaBLE II.—Contribution to force from wires outside the central 21 or 20, when 
number is infinite (Coefficient of A/a). 


Under a wire. Midway between wires. 
Additional to effect of 21 | Additional to effect of 20 
h/a. 
1 2 + 1 2 4 
At “‘ ground level ”’ +++ 0-0952 0-1899 | 0-3764 | 0-0999 |0-1994 | 0-3948 
Mean between “‘ ground 
level” and h/2 _ ...|0-0951 |0-1898 | 0-3752 | 0-0999 | 0-1992 | 0-3933 | 
At h/2... mee ...[0-0951 |0-1895 | 0-3732 | 0-0998 |0-1988 |0-3911 | 


It will be observed that each numerical result in Table II. is 
in excess of the corresponding result in Table I., but the excess 
is not large. 


§6. Table III. summarises the results obtained for the 
vertical force at points exactly under a wire, or exactly midway 
between two wires. It is convenient to express the force in 
terms of A/a, but it should be remembered that for a given 
value of h/a an increase in h means a corresponding increase 
ina. Increasing the height, keeping the span-height ratio 
constant, always entails a fall of force. 

VOL. XXXII. EE 
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It has also to be remembered that by “ ground level” in 
the table is really meant the surface of zero potential. It is 
thus to be interpreted as the top of the crop, not the actual 
surface of the ground in an electroculture area. If, for 
example, the wires over a field of wheat are 8 ft. apart and 
8 ft. above the ground, a is 4 feet throughout the season ; but 
h diminishes from 8 ft. at the start to 4 ft. at the finish, if the 
wheat grows to 4 ft. high. Under these circumstances, we 
should have h/a varying from 2 to 1, and if we had only a single 
wire, and maintained its potential constant, the vertical force 
at crop level would double in the course of the season. 


TaBLE III.—Vertical force due to overhead wires (Coefficient of A/a). 


N 
Directly under a wire Midway between wires of: 
— (maximum). (minimum). : 
r 
Number of wires... OE 1 5 21 er) 2 4 20 n 
Value of Level of point. 
hia 
At “‘ ground level” | 2-000 | 3-035 | 3-330 | 3-425 | 2-000 | 2-400 | 2-781 | 2-881 | 3: 
1 Mean up to h/2 ... |2-197 | 3-201 | 3-495 | 3-590 | 1-911 | 2-303 | 2-682 | 2-782 | 3 
At h/2 Es ... |2°667 | 3-604 | 3-896 | 3-991 | 1-723 | 2-098 | 2-473 | 2-573 | 3: 
At “ ground level” |1-000 | 2-400 | 2-964 | 3-154 | 1-600 |2-215 |2-931 | 3-130 | 3 
2 Mean up to h/2 ... |1:099 | 2-440 | 2-996 |3-186 | 1-609 | 2-197 | 2-900 | 3-100 | 3: 
At h/2 .-. | 1333 | 2-553 | 3-093 | 3-282 | 1-600 | 2-133 | 2-813 | 3-011 | 3: 
At “ ground level’’ |0-500 | 1-800 | 2-765. | 3-142 |0-941 |1-581 | 2-747 | 3-142 | 3: 
4 Mean up to h/2 ... |0°549 | 1:832 | 2-767 | 3143 | 1-001 | 1-622 |2-747 | 3-141 | 3: 
At h/2 -.. |0°667 | 1-897 | 2-773 | 3-147 | 1-124 | 1-699 | 2-745 | 3-136 | 3 


If the effect, whether beneficial or otherwise, depends only 
on the potential gradient at crop level, the “ ground level ” 
values in Table IIT. alone matter. If h/a is 2 or larger—i.e., 
if the distance apart of the wires is not greater than their 
height—the difference, when the number of wires is infinite, 
between the force directly under a wire (7.e., the maximum) 
and the force midway between two wires (i.e., the minimum) 
is less than 1 per cent. of their mean. For practical 
purposes, the force may then be regarded as everywhere the 
same and equal to 7A/a. 

Even with h/a as small as 1—2.e., with the height only half 
the distance apart of the wires—when the number of wires’ is 
infinite, the least value of the force at ‘‘ ground level” is 
0-81 of the largest value. With further reduction in h/a the 
ratio of the minimum to the maximum value falls rapidly. 
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For values 3, 4 and } of h/a, the respective values of the ratio 
are only 0-68, 0-43 and 0-18 approximately. 

§ 7. An infinite number of wires represents, of course, an 
ideal state, from which a considerable fraction of any real 
electroculture area must differ sensibly. As an example, 
suppose we travel outwards in the direction perpendicular 
to the wires from the centre of an electroculture area in which 
h=2a. Even at first, the value of the force at ground level 
is not everywhere absolutely the same, but it varies only from 
3-15 A/a under a wire to 3:13 A/a midway between adjacent 
wires. As we approach the margin, the difference between 
the force under a wire and the force midway between adjacent 
wires increases, and, at the same time, both values fall off. 
When we are directly under the last wire the force has fallen 
to about 2-1 A/a. When we pass outside the area, travelling 
in the same direction, the force continually diminishes, but: it 
remains finite for quite a considerable distance. It is still 
about 0-14/a when we have got to a distance of 20a, or 
10h, from the margin. 

At a considerable distance outside the area, the force for a 
given spacing and voltage of the wires varies approximately 
as the apparent height of the nearest wire. Thus, the distance 
to which an appreciable potential gradient effect extends 
increases as the height of the overhead system. 

Here we have strictly confined ourselves to the electrostatic 
problem presented when all the charge is on the wires, and 
there is no appreciable excess of ions of one sign in the atmo- 
sphere. When there is appreciable free charge, with an excess 
of ions of one sign, the potential gradient is affected. When 
the overhead voltage is high enough, it must inevitably pro- 
duce copious ionisation near the wires, and a strong wind will 
spread the ionisation to quite a long distance to leeward of the 
area. These and other practical considerations must be 
borne in mind by anyone wishing to apply the present calcu- 
lations. Perhaps the most immediately useful deduction from 
them is that, apart from wind effects, a very uniform set of 
conditions can be secured at crop level if the distance between 
adjacent wires does not exceed the height of the wires above 
the crop. Also, under these conditions, the potential gradient 
is nearly uniform from the crop level up to at least the half 
height of the wires above the crop. This last point was really 
investigated with an eye to certain experimental investiga- 
tions. 
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DISCUSSION. 


Mr. E. V. APPLETON (communicated): I presume that Dr. Chree is aware 
that Maxwell (‘Electricity and Magnetism,” Vol. I.) has dealt with the elec- 
trical theory of a charged grating of parallel wires. In Maxwell’s treatment, 
however, the assumption is made that the distance between the wires and the 
conducting plane (the ground in this‘case) is large compared with the distance 
between successive wires, and in such a case it is a simple matter to deduce 
from Maxwell’s equations that the potential gradient at the ground level is 


equal to , where V is the maintained potential difference 


a 

h--— loge — 
wT TC 

between the wires and the ground and ¢ is the radius of the cylindrical wires. 

But Dr. Chree’s treatment of the problem gives us information about the 

cases in which the distance between the wires and the ground is comparable 

with the distance between successive wires. 


Workers on the physics of the triode vacuum tube meet the same type of 
problem in dealing with the action of a charged grating in producing a poten- 
tial gradient near the cathode of such a tube. It has usually been assumed. 
that Maxwell’s equations give a fair approximation to the truth in the 
practical case when the distance between the cathode and grating is about 
equal to the distance between the grating wires. Dr. Chree shows us how 
far such an assumption is justifiable. 


Mr. F. J. W. Wurerte (partially communicated): I find that I was mis- 
taken in thinking that the problem of the grating of parallel wires is one of 
those discussed in Sir J. J. Thomson’s “ Recent Researches in Electricity and 
Magnetism.”” The problem is dealt with by Maxwell himself (“‘ Electricity 
and Magnetism,” Vol. I., § 233). Maxwell’s discussion is only directly 
applicable to the case in which the distance between consecutive wires is 
small compared with their distance from the conducting plane. The method 
of conjugate functions can be used effectively in working out the more 
general problem and leads to the following results : 

3A be the line density of the charge on each of a very large number of 
thin parallel wires at height h above the ground, and if 2a be the distance 
between adjacent wires, then the vertical force, /, at a point on the ground 
at a horizontal distance, x, from one of the wires is given by the formula 


5 wel) 
sinh — 
TA : a , 
aes h TH 
@ cosh——cos — 
a a 
The force varies between the values 
TA th TA Th 
—coth— and = tanh —. 
a 2a a 2a 


It will be seen that for the variation from the mean not to exceed 10 per 


ne 4 Th 
cent, on either side coth 8 must not be greater than 1-1, and therefore h 
a 


must not be less than 0:97a. The condition is satisfied if the height of the 
wires is at least half the distance between them. 


It is easy to verify that the values given by Dr. Chree in Table III. for the 
vertical force at ground level with an infinite number of wires are in accord- 
ance with my formula. 
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The formula for V, the potential difference between the wires and the 
ground, involves r, the radius of the cross section of a wire ; itis 


2 h 
Va tog| — sink — |; 
Tr a 


For comparison with the case of a single charged wire this formula may be 
written 
sin th/a 


th/a ’ 


and for comparison with the case when a uniformly charged conductor is 
substituted for the wires it takes the form 


Ah 
fa log say) log (1-e- ee) 
a mr 


2h 
V= A log —+ A log 
r 


Dr. CHREE communicated the following reply: The experimental electro- 
culture area for which I first made calculations had only five wires. In any 
actual case only an approach is made to an infinite number. Thus a 
method was essential which applied to a finite number of wires. In the 
course of the investigations I hit on a simple method, with an obvious 
geometrical interpretation, which enabled me to take account of remote 
wires, and so to include the infinite number asa limit. I thought an exact 
mathematical solution for an infinite number probably existed somewhere. 
but having satisfied all my immediate wants I did not pursue the enquiry- 
Thirty years ago I read the proofs of the last edition of “‘ Maxwell’s Elec- 
tricity ’’ (and also of Sir J. J. Thomson’s “‘ Recent Researches’), but I had 
forgotten the existence of the solution* to which Mr. Appleton refers. The 
solution for an infinite number of wires should be specially useful for obtain- 
ing the exact variation of force at ground level with distance from the nearest 
wire in cases where a/h considerably. exceeds 1. In applications of the 
mathematical formule, especially those involving the radius of the wire, 
and particularly to points near the wire, it should be remembered that with 
the usual fine wires there is a considerable sag, and there may be a corona. 


* 203 et seg., and Fig. XIII. 
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Demonstration of Some Optical and Acoustical Haperiments. 
By Pror. C. V. Raman, University of Calcutta. 


SHOWN AT THE MEErine or Jone 247H,11921. 


1. The ballistic sonometer, an instrument which indicates 
the intensity of a noise by the extent of the movement of a spot 
of light. 

2. Vibrations of stringed instruments. By means of a 
small optical lever in contact with the bridge of a ’cello and a 
revolving mirror the vibrations of the bridge under various 
conditions were shown on the screen. The effects of meeting 
and of playing the “ wolf ”’ note were demonstrated. 

3. The modes of vibration of a Trevelyan rocker were 
exhibited in the same way. 

4. Indian drums, 10 centuries old, in which the membrane 
is loaded in such a way as to produce harmonic overtones were 
exhibited, and their modes of vibration when struck in different 
ways exhibited by means of sand figures. 

5. The polygonal form of an oscillating liquid drop was pro- 
jected on the screen. 

6. A robust ripple apparatus was described, and photo- 
graphs shown illustrating the change of phase of waves on 
passing through a focus. 

7. Various interference and diffraction effects shown when 
light is transmitted by heterogeneous media were exhibited. 

8. A spectrum traversed by Talbot’s bands was shown, to 
illustrate the sudden change of colour between the bands. 
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The Stability of Atoms. By Str Ernesr Ruruerrorn, 
F.RS. (Abridged report of a Lecture delivered before the 
Society on June 10, 1921.) 


Durine the latter half of the nineteenth century it was 
generally accepted that the atoms of the chemist and physicist 
were permanent and indestructible, and were uninfluenced 
by the most drastic physical and chemical agencies available. 
The existence of elements in the earth that appeared to have 
suffered no certain change within periods of time measured 
by the geological epochs gave a strong support to the pre- 
vailing view of the inherent stability of the elements. The 
discovery at the beginning of the twentieth century that the 
radio-active elements uranium and thorium were undergoing 
a veritable transformation, spontaneous and quite uncon- 
trollable by the agencies at our disposal, was the first serious 
shock to our belief in the permanency of the elements. The 
essential phenomena which accompanied the series of trans- 
formations soon became clear. The disintegration of an atom 
was accompanied either by the emission of a swift atom of 
helium carrying a positive charge, or of a swift electron. 
With the exception possibly of potassium and rubidium, only 
the heavy radio-active elements showed this lack of stability. 
The great majority of the chemical elements appeared, as 
before, to be inherently stable and to be unaffected by the 
most intense forces at our disposal. 

A number of attempts have been made from time to time 
to test whether the atoms of the elements can be broken up 
by artificial methods. Some thought that they had obtained 
evidence of the production of hydrogen and of helium in the 
electric discharge tube. It is, however, a matter of such great 
difficulty to prove the absence of these elements as a con- 
tamination in the materials used that the evidence of trans- 
formation has not carried conviction to the minds of the 
majority of scientific men. 

In this lecture an account will be given of some preliminary 
experiments which indicate the possibility of artificial dis- 
integration of some of the ordinary elements by a new method. 
Before discussing the results, it is desirable to say a few words 
on the modern conception of the structure of the atom. The 
results have been interpreted on the nuclear theory of atomic 
constitution. According to this view, the atom is to be. 
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regarded as consisting of a minute positively charged nucleus, 
in which most of the mass of the atom is concentrated, sur- 
rounded at a distance by a distribution of negative electrons 
which make the atom electrically neutral. We know that one 
or more of these outer electrons can be easily removed from 
the atom. The atom thus undergoes a kind of transformation, 
but only a temporary one, for the missing electrons are readily 
recaptured from neighbouring atoms. It seems not unlikely 
that the whole of the exterior electrons might be removed from 
an atom without interfering sensibly with the stability of its 
nucleus. Under suitable conditions, the atom would promptly 
regain its lost electrons and be indistinguishable from the 
original atom. In order to produce a permanent transforma- 
tion of the atom, it is necessary to disintegrate the nucleus. 
Such a disruption of the nucleus occurs spontaneously in the 
radio-active atoms, and the processes appear to be irreversible 
under ordinary conditions. 

The nucleus, however, is very small, and its: constituent 
parts are probably held together by strong forces ; and only 
a few agencies are available for an attack on its structure. 
The most concentrated source of energy at our command is 
a swift a-particle, and it is to be expected that an a-particle 
in its flight would occasionally approach so close to the nucleus 
as to disintegrate its structure. It is, indeed, from a study 
of the deflexion of swift a-particles in passing through matter 
that we have obtained the strongest evidence in support of 
the theory of the nuclear constitution of atoms. In the region 
surrounding a heavy nucleus, the inverse square law holds for 
the forces of repulsion between the charged a-particle and 
positively charged nucleus. The particle describes a hyper- 
bolic orbit round the nucleus, and the amount of its deflexion 
depends on the closeness of its approach. It is from a study 
of this scattering of a-particles, combined with Moseley’s 
interpretation of the X-ray spectra of the elements, that we 
know the magnitude of the resultant positive charge on the 
nucleus. This charge, in fundamental units, is equal to the 
atomic or ordinal number of the element, and varies between 
1 for hydrogen and 92 for uranium. Recently Chadwick has 
shown by direct measurements of the scattering of a-particles 
that the charge on the nucleus is in close accord with Moseley’s 
deduction, and has thus verified the correctness of this funda- _ 
mental conclusion. 

Some information about the dimensions of the nucleus can 
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be obtained by studying the amount of scattering of a-particles 
at large angles by different atoms. The general results 
indicate that the nucleus of a heavy atom, if assumed spherical, 
cannot have a radius greater than 6<1072cm. It is not 
unlikely that the dimensions may be smaller than this. No 
doubt the size of a nucleus decreases with its atomic mass, 
and it is to be expected that the nucleus of the light elements 
should be smaller than for the heavy atoms. It is thus clear 
that the volume occupied by the nucleus is exceedingly small 
compared with that occupied by the atom as a whole. 

A direct collision of an a-particle with this minute nucleus 
is thus a rare occurrence. It can be estimated that even in 
the case of heavy elements only one a-particle in about 10,000 
makes a close collision with the nucleus. On account of the 
powerful repulsive field of the latter, the a-particle may either 
be turned back before reaching the nucleus, or be so diminished 
in energy that it is unable to effect its disruption. The case 
of the lighter elements, however, is much more favourable ; 
for the repulsive forces are so much weaker that we may expect 
the a-particle to enter the nucleus structure without much 
loss of energy, and thus to be an effective agent in promoting 
the disintegration of the atom. 

One of the most interesting cases to consider is that in which 
an a-particle (helium nucleus) collides with the nucleus of an 
hydrogen atom. Marsden showed that in some cases the H- 
atom is set in such swift motion that it can be detected by the 
scintillation produced on a zinc sulphide screen. The maxi- 
mum speed obtainable is 1-6 times that of the incident a- 
particle, and such a swift H-atom is able to travel four times 
as far as the a-particle before being stopped. For example, 
the maximum range of a H-atom set in motion by an a- 
particle from radium C—range 7 cm. in air—corresponds to 
29 cm. of air. 

A close examination of the production of swift H-atoms 
by this method showed that the number was about 30 times 
greater than that to be expected if the colliding nuclei behaved 
as point charges repelling each other according to the inverse 
square law. This, and other observations, show that the law 
of the inverse square ceases to hold in such intense collisions, 
where the closest distance of approach is of the order 3 x 10-#8cm. 
It is probable that this distance is comparable with the actual 
dimensions of the structure of the a-particle itself. Some 
recent experiments by Chadwick and Bieler indicate that 
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there is an abrupt change in the law of force at distances of 
about 510743 em. So far, no definite evidence has been 
obtained as to the nature of these forces which arise in the close 
collisions between nuclei. Attention should be directed to the 
enormous intensity of the electrical forces that come into play 
in such close collisions—forces much greater than can be 
brought to bear on an atom by ordinary laboratory methods. 
Unless the nucleus is a very stable structure, it is to be 
anticipated that it should be greatly disturbed, if not 
disintegrated, under the influence of such intense forces. 

We must now consider the experiments which indicate that 
some of the lighter elements can be disintegrated by the action 
of a-particles. When a stream of a-particles is passed through 
dry air or nitrogen, a number of scintillations are observed 
far beyond the range of the a-particle. These scintillations 
are due to swift charged particles which are bent in a magnetic 
field like H-atoms set in swift motion by a-particles, and which, 
indeed, are undoubtedly H-atoms. Since this effect is not 
observed in dry oxygen or carbon dioxide, it appears likely 
that some of the nuclei of nitrogen have been disintegrated 
by the action of the a-particles. Recently these experiments 
have been repeated by Mr. Chadwick and myself under much 
better optical conditions for counting these comparatively 
weak scintillations. It has been found that, using radium C 
as a source of a-rays, the maximum range of the H-atoms 
from nitrogen atoms corresponds to 40 cm. of air, while the 
maximum range of the H-atoms from hydrogen, or any 
combination of hydrogen, is only 29 cm. under similar 
conditions. This result negatives the possibility that the 
presence of these H-atoms can be ascribed to any hydrogen 
contamination in the ordinary chemical sense. 

This observation opened up a simple method of examining 
other elements besides nitrogen. Experiments were in all 
cases made beyond the maximum range (29 cm.) of ordinary 
H-atoms, so as to be quite independent of the presence of free 
or combined hydrogen in the material under examination. 
In this way it has been found that similar particles are 
produced in boron, fluorine, sodium, aluminium, and 
phosphorus. No definite effect has so far been observed for 
other elements of the production of particles with ranges 
greater than 29 cm. of air. The question of the production 
of slower velocity H-atoms has not so far been examined. 
The range of penetration of the atoms from aluminium is 
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specially marked, being more than 80 cm. While no definite 
proof has yet been obtained of the nature of these ejected 
particles, it seems probable that they are in all cases H-atoms 
liberated from the nuclei of the elements in question. It is 
of special interest to note that H-atoms are only liberated in 
elements whose mass is given by 4n-++2 or 4n+3 where n is 
a whole number. No H-atoms are observed from elements 
like carbon, oxygen, and sulphur, whose mass is given by 4n. 
This is an indication that the a-particles are unable to liberate 
H-atoms from elements composed entirely of helium nuclei, 
but are able to do so from some elements composed of H-atoms 
as units as well as helium nuclei. It would appear as if the 
H-atoms were satellites of the main nuclear system and that 
one of them gained sufficient energy from a collision with an 
a-particle to escape from its orbit with a high speed. If the 
long-range particles from aluminium are H-atoms, it can be 
calculated that the maximum energy of motion is somewhat 
greater than that of the incident a-particle, indicating that the 
escaping fragment of the atom has gained energy from the 
system. It is of special interest to note that, in the case of 
aluminium, the direction of escape of the H-atom is to some 
extent independent of the direction of the o-particle. Nearly 
as many are shot in the backward as in the forward direction, 
but in the former case the average velocity is somewhat 
smaller. No element of mass greater than phosphorus (31) 
has been found to yield H-atoms. It would appear as if the 
constitution of the nucleus undergoes some marked change at 
this stage. 

It should be remarked that the disintegration observed in 
these experiments is on a very minute scale. Only about 
one a-particle in a million is able to get close enough to a 
nucleus to effect its disintegration. 

So far we have only been able to observe those fragments 
of atoms which escape with sufficient speed to travel further 
than the a-particles. Another very important method of 
examining the effects produced within the range of the 
a-particle has been recently examined by Mr. Shimizu. This 
depends on the discovery of Mr. C. T. R. Wilson that the 
tracks of ionising radiations can be made visible by sudden 
expansion of a moist gas, so that each ion becomes the centre 
of a visible globule of water. Wilson had previously observed 
an occasional sharp bend in the track of an a-particle, with a. 
short spur attached, indicating the collision of an a-particle. 
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with an oxygen or nitrogen nucleus. By taking a large 
number of photographs of tracks of a-particles, Mr. Shimizu 
found a number of cases in which the track of the a-particle 
near the end of its range showed two nearly equal forks. It 
can readily be shown from the range and angle between the 
forks that these effects cannot be ascribed to a collision of the 
a-particle with a H-atom, or with a nucleus of oxygen or 
nitrogen. It would appear not unlikely that these forks 
indicate an actual disruption of the atom in which a helium 
nucleus is released. While this conclusion is only tentative, 
it will be of great interest to follow up further this new method 
of attack of a fundamental problem. It is remarkable that 
while only one a-particle in a million is able to liberate a 
H-atom from nitrogen, about one a-particle in 300 appears to 
show a forked track, indicating that this type of disintegration 
occurs much more frequently than the liberation of a 
H-atom. 

If this interpretation proves to be correct, it shows that 
the amount of energy required to liberate a helium nucleus 
from a complex nucleus of a light atom is not great. Such a 
result is not inconsistent with modern ideas of the relation 
between mass and energy, for the fact that the atomic masses 
of carbon and oxygen are very nearly integral multiples of the 
mass of the helium atom is an indication that the helium 
nuclei are bound loosely together. On the other hand, if we 
suppose the helium nucleus itself to be composed of four 
hydrogen nuclei and two electrons, the loss of mass in the 
combination indicates that the helium nucleus is so stable a 
structure that it should not be dissociated by even the swiftest 
a-particle. This conclusion is supported by experimental 
observations as far as they have gone. 
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Fic. 7.—REcoRD OF THE GREEN Mercury LINE AS GIVEN BY 
AN ECHELON. 


The three sharp points at the top have been obtained by intercepting 
the beam of light, by means of a screen in front of the thermopile, for one 
second, 
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